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1. INTRODUCTION

The real exchange rate of the world’s largest economies has been highly volatile

and persistent over the last four decades. The seminal work of Chari, Kehoe, and

McGrattan [2002] explored whether these features of the data could be understood

in the context of sticky prices in a standard two country real business cycle model.

They concluded that such models can explain the volatility of the real exchange

rate but that they can not match its persistence. In a nutshell, sticky price models

along the lines of Chari, Kehoe, and McGrattan [2002] are able to generate volatile

real and nominal exchange rate processes, because, by assumption prices are made

to not adjust too quickly to aggregate shocks. Therefore, in an open economy, the

nominal exchange rate and therefore, the real exchange rate, have to overreact. This

is just a manifestation of the textbook Dornbusch [1976] exchange rate overshooting

hypothesis.

The key modeling feature of the literature of sticky prices and its effect on the

exchange rate is that money only matters as a unit of account. Beyond that func-

tion, there is no trading friction that would rationalize monetary exchange. That is,

there is no role for money as a medium of exchange and there is no precautionary

demand for money. The second crucial feature in this class of models is the operat-

ing procedures for monetary policy and how money is injected into the economy.

The central bank is modeled as an issuer of liabilities and it fixes the level of the

nominal interest rate on its liabilities in response of both the inflation rate and the

output gap.

In this paper we take a different approach and analyze the impact of the un-

derlying frictions that make fiat currencies essential, in the tradition of Lagos and

Wright [2005], on exchange rate dynamics. By explicitly considering the underly-

ing frictions that generate a role for money we can study the impact of different

roles for money on the evolution on the exchange rate. In particular, we consider

an environment where agents participate in sequential markets, first in a decentral-

ized market (DM) where they trade specialized consumption goods bilaterally and

then in a centralized market (CM) where they trade general consumption goods,

which require domestic and foreign inputs, and assets, capital and bonds, with the

market. Physical capital is a factor of production in both markets. Demand for

money arises because the particular frictions in the decentralized markets require a

medium of exchange. Moreover, money in this type of environment also provides a

store of value and precautionary function since agents face individual uncertainty

before trading in the DM.
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In this environment money is used as a medium of exchange but since aggre-

gate shocks are asymmetric across countries, depending on the relative size of the

shock different currencies can have different roles as a store of value. This role of

fiat money is amplified when financial markets are incomplete. We then further

explore how exchange rate dynamics change as different price setting mechanisms

are considered in the DM. These different trading protocols are especially impor-

tant because they can induce different degrees of hold up problems for money and

capital. This hold up problem in turn has important consequences for the price dy-

namics. Finally, we explore the role of financial frictions in the bond market. These

imperfections in the bond market also affect the underlying value of the different

fiat currencies, thus directly affecting the nominal exchange rate, the relative price

between currencies.

We study two models of competitive equilibrium with DM search. They are ba-

sically stochastic two-country versions of the closed-economy model of Aruoba,

Waller, and Wright [2008]. In each of our models, we allow for international trade

in intermediate goods which get aggregated up to a general final good that can be

consumed or invested as physical capital. As in Aruoba, Waller, and Wright [2008],

we allow for capital invested in each CM to be also productive in the subsequent

period’s DM (for sellers). The only difference between the two models is the way

in which we assume international money claims. In the first model, we assume

that there exists a complete set of state-contingent money claims that are traded

internationally. In the second model, agents in each country can only buy non-state

contingent money claims denominated in either country’s currency. For compari-

son, we also characterize and solve for the first best allocation that would obtain

under a Pareto planner’s problem.

Quantitatively, we calibrate our models to quarterly data representing the U.S.

and the rest of the world. We find that, without even resorting to exogenous sticky-

price assumptions, both monetary models are capable of generating very volatile

but moderately persistent nominal exchange rates. The models are also capable of

generating the observation that the real exchange rate is more volatile than U.S.

GDP. Another interesting puzzle in equilibrium international business cycle mod-

els is the perfectly positive correlation between relative consumption and the real

exchange rate. In the data, this statistic tends to be slightly negative or zero. The

puzzle is attributed to the fact that with complete markets in equilibrium business

cycle models, there is a perfect link between a marginal rate of substitution trans-

form of relative consumption and the real exchange rate. However, even in the
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sticky-price monetary models with incomplete markets of Chari, Kehoe, and Mc-

Grattan [2002], this correlation remains at unity. This is also true in our “complete

(CM) markets” version of the models. However, when we consider the incomplete

markets version, the correlation is no longer perfect. The reason behind this is the

additional interaction between the DM monetary friction and the imperfect inter-

national risk sharing (uncovered interest parity) condition in our model.

2. THE BASELINE ENVIRONMENT

Consider a two-country model, each referred to as Home and Foreign. Vari-

ables and parameters without an asterisk (or with a subscript h) will refer to the

Home country, and those without an asterisk (or with a subscript f ), will refer

to the Foreign country. Time is denumerable, and a time period is denoted by

t ∈ N := {0, 1, 2, ...}. Agents exist on a continuum [0, 1] and have a common dis-

count factor β ∈ (0, 1). Each t ∈N is composed of two arbitrary sub-periods, night

and day. In the night, agents trade anonymously in bilateral random matches, in

decentralized markets (DM). In the day, agents trade in centralized markets (CM).

The nature of consumption, production and trade in each market will be explained

in detail in sections 2.3 and 2.4.

Let q ∈ R+ be an agent’s consumption or output during the night, X ∈ R+

and H ∈ [0, H], where H < +∞, denote consumption and labor during the day,

respectively. Agents’ per-period preferences are given by

(q, X, H, ζ) 7→ u(q)− c(q, ζX) + U(X) + h(H),

where u(q) is the per-period payoff from q if the agent is a buyer, c(q, ζX) is the cost

of producing q with fixed within-period input X determined in the previous CM,

and where the input X is also a consumable good in the CM. The random variable

ζ is to be interpreted as a DM-specific technological improvement or capital utiliza-

tion shock. U(X) is the immediate payoff from consuming X in the CM, and−h(H)

is the disutility of work effort in the CM. We make the following assumptions.

Assumption 1. The functions u, c, U, h : R+ → R have the following properties:

(i) First and second derivatives exist everywhere: u, U ∈ C2(R+) and c ∈ C2(R2
+);

(ii) uq > 0, cq > 0, cX < 0, UX > 0 and hH > 0;
(iii) uqq < 0, cqq ≥ 0, cqX < 0, UXX ≤ 0 and hHH = 0;
(iv) u(0) = c(0, 0) = 0; and
(v) u(q) > c(q, X) for every (q, X).
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2.1. State variables. Let m ∈ R+ be the stock of an agent’s nominal money holding

in the Home country. Denote b as the current stock of an internationally traded

complete state-contingent money claim, held by an agent in the Home country.

Each b is denominated in the Home currency. Since these complete contingent

claims require knowledge of traders’ histories, it is natural that they are not issued

or traded in the DM with anonymous trades. They are traded only during each CM

subperiod.

Let the relevant time-t aggregate (global) CM state vector relevant to an agent in

country i ∈ {h, f } be s := (M, M∗, B, B∗, K, K∗, φ, φ∗, e, µh, µ f , z), consisting of, re-

spectively, the global/aggregate Home and Foreign capital stocks, the globa Home

and Foreign DM-specific capital stocks, the total Home and Foreign holding of

the state-contingent claims, Home and Foreign nominal money stock, the value

of money in the Home CM (φ := 1/pX), the value of money in the Foreign CM

(φ∗ := 1/p∗X), the nominal exchange rate in Home CM currency terms (e), and,

µi(·, z) : Bi(z) → [0, 1] which is the time-t probability measure on the Borel σ-

field Bi(z) := B(R+ ×R×R+) generated by the product state space containing

(m, b, k), for each vector of exogenous state variables, z ∈ Z.1 Also, let the space of

all such distributions be Pz(Bi), for each fixed z.

At the beginning of the time-t DM, the aggregate (global) state vector for an agent

in country i ∈ {h, f } is ŝ := (M, M∗, B, B∗, K, K∗, φ, φ∗, e, νh, ν f , z). The explicit

switch in notation from νi to µi takes into account that, in general, the distribution

of assets upon the economy i entering each period’s DM, νi, may be different to the

distribution µi upon its leaving the DM, and into the CM, in the same period.2

2.2. Timing. Figure 1 depicts the sequence of events within each t ∈ N. The rele-

vant aggregate state vector s is realized at the beginning of each t. This is public in-

formation for all agents. An agent in the Home country, first entering the DM with

assets (m, b, k), given ŝ, is publicly known by the individual state (a, ŝ) := (m, b, k, ŝ).
For simplicity, we make the restriction that each country i agent does not hold an-

other country’s currency as asset.3 Since bilateral matches in the DM are random,

agents within each country i only know the state of their trade partners ex post.

1Note that if z = ∅, i.e. in the absence of aggregate exogenous shocks, then the solution of the
Markov equilibrium is characterized by a deterministic difference equation system, as in Lagos and
Wright [2005]. Also, note that the aggregate prices (φ, φ∗, e) are explicitly included as (auxiliary) state
variables, following Duffie, Geanakoplos, Mas-Colell, and McLennan [1994], so that we can restrict
our characterization of equilibria to stationary Markov equilibria.

2We prove later that the probability measures νi for each i ∈ {h, f }, is degenerate in any equilib-
rium as in the original model of Lagos and Wright [2004]. This affords us plenty of tractability and
ease of computation later.

3See Head and Shi [2003] for the environment where agents trade currency internationally.
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Ex ante they only know the probability distribution of traders in the DM, which

is (σ, σ, 1 − 2σ) with support {Buyer, Seller, Neither}. Upon leaving the DM, an

-

DM∗

t

V(m, b, k, ŝ)

CM∗

t + 1

W(m′, b, k, s)

-

DM CM

t

V∗(m∗, b∗, k∗, ŝ) W(m∗′, b∗, k∗, s)

t + 1
6

?

Trade (b+, b∗+)

FIGURE 1. Agents engage in domestic decentralized trades (DM)
over special goods during the night using money. During the day in
the centralized market (CM), they trade domestically a general good
which is not exported, and borrow or lend using complete nominal
claims.

agent’s individual state may change to (a′, s) := (m′, b, k, s) reflecting the possibility

that money had changed hands as a result of the agent being a buyer or seller. As a

result of that, the distribution of assets (namely money) would also have changed

from νi ∈ ŝ to µi ∈ s. The components (b, k) have not changed since they are

predetermined at the beginning of t. Thus, within t, the agent enters the CM with

possible state (a′, s) := (m′, b, k, s) in which domestic and international Walrasian

trades occur in bonds and investment of physical capital. Agents do not discount

payoffs within each period t.
In the next two sections we describe in detail the sub-period problems, DM and

CM, in a backward fashion. To economize on notation, we use the following con-

vention. A variable or vector with a “+” subscript will denote its time t + 1 con-

tingent outcome. A state with a “−” subscript will denote its time t− 1 realization.

However, in some cases, variables with a “+” subscript, such as capital and bonds,

are predetermined at the beginning of time t + 1. In such cases, these are decision
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or control variables which will be made obvious in the problems below. The same

variable without the “+” subscript denotes its current or time-t realization.

2.3. Centralized markets. In the CM, an agent consumes a general good X ∈ R+

which is produced using CM-specific labor H ∈ R+ and capital k. In contrast to

Lagos and Wright [2005], we model a set of nominally complete state-contingent

claims issued by both countries. Agents in each country’s CM who consume more

(less) than their total wealth can also trade in these securities. Note that we do not

model international trade in final consumption goods or intermediate inputs. This

keeps the model manageable and more importantly, allows us to focus on the effect

of money and capital on the only channel for international linkage.

Let A > 0 be the constant marginal disutility of work effort, r := r(s) and r∗ :=

r∗(s) be, respectively, the competitive rate of return to physical capital at Home and

in the Foreign country.

Let m+ := m(a, s), k+ := k(a, s), and b+ := b(a, s), so that a+ = (m+, b+, k+).
Q(a+, s+|a, s) is the domestic price of one unit of the state-contingent claim with

nominal (ai+, s+)-contingent payoffs, i.e. b(a+, s+|a, s). Let δ ∈ [0, 1] be the depre-

ciation rate of capital, φ := φ(s) = 1/pX(s) and φ := φ∗(s) = 1/p∗X(s) the inverses

of the prices of X (i.e. the value of a unit of each currency), in the respective Home

and Foreign countries.

At each t ∈ N, a price-taking agent (at the beginning of the CM sub-period in

the Home country) named (m, k, b, s) solves the recursive problem of:

W(m, b, k, s) = max
X,H,m+,k+,b+

{
U(X)− AH

+ β
∫

V(m+, b+, k+, s+)λ(s, dŝ+)
}

(1)

subject to

s+ = G(s, v+), v i.i.d.∼ ϕ (2)

X(a, s) + k(a, s)− (1− δ)k− φ(s)b + T(s)

= φ(s) [m−m(a, s)] + w(s)H(a, s) + r(s)k

− φ(s)
∫∫

s+,a+
b(a+, s+|a, s)Q(a+, s+|a, s)µh(s+, da+)λ(s, ds+) (3)

where λ(s, ·), for each given s, is induced by G ◦ ϕ, and defines an equilibrium

product probability measure over Borel-subsets containing ŝ+. Constraint (2) de-

scribes a transition law, where the mapping G = G{s}\{z} ◦ G{z}, with component

G{s}\{z} inducing the z-dependent stochastic process for endogenous aggregate
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states, {s} \ {z}, is to be pinned down in equilibrium, and (z, v+) 7→ G{z}(z, v+)

is an exogenous map for the aggregate shocks. Implicit in the constraint (2) is the

equilibrium transition of the distribution of individual states from the period-t CM,

to the period-(t + 1) DM:

νh(ŝ+, ·) = Gν [µh(s, ·), z+] . (4)

such that the relevant conditional distribution of assets at the beginning of the time-

(t + 1) CM subperiod is given by:

µh(s+, ·) = Gµ [νh(ŝ+, ·), z+] ≡ Gµ ◦ Gν(s, z+). (5)

where Gµ and Gν are components of G{s}\{z}.
The sequence of state-contingent one-period budget constraints given by (3) say

the following: For each given state (m, b, k, s), consumption of the general good

X is to be financed by the variation in real money holdings, by real labor income

wH, net of investment flows to physical capital made in the CM, net of contingent

claims in real terms, and net of lump-sum government taxes, T.

2.3.1. Optimal individuals’ decisions in the CM. Eliminating H in (1) using the budget

constraint (3), the optimal decision rules satisfy the following conditions for every

state (a, s) and every measurable continuation state (a+, ŝ+).
The optimal trade-off between current CM consumption X and leisure−H, given

the competitive real wage w := w(s), is

X : UX [X(a, s)] =
A

w(s)
, (6)

where the marginal utility of leisure is a constant A > 0. In what follows, note

that the derivative functions of V is determined in general equilibrium. The op-

timal trade-off between a current increase in marginal utility of X in the CM and

the present-value expected marginal value of entering the next-period DM with a

marginal increment of money holdings is

m+ :
Aφ(s)
w(s)

= β
∫

Vm+(m+, b+, k+, ŝ+)λ(s, dŝ+). (7)

Similar to condition (7), conditions (8)-(9) below provide the optimal trade-offs be-

tween the current utility of consumption of X and the expected discounted mar-

ginal value of entering the DM with more assets. Specifically, the optimal choice of
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the complete state-contingent money claims, or bonds, is given by

b+ :
Aφ(s)
w(s)

[Q(a+, s+|a, s)µh(s+, da+)] λ(s, dŝ+)

= βVb+(m+, b+, k+, ŝ+), (8)

which holds for every s, every ŝ+, and implicitly, every s+.

The optimal choice of the Home-produced capital stock available for production

in the next period satisfies

k+ :
A

w(s)
= β

∫
Vk+(m+, b+, k+, ŝ+)λ(s, dŝ+). (9)

2.3.2. Envelope conditions for W in the CM. At an optimum, the envelope conditions

for the agent’s CM decision problem are as follows. The marginal value of money

holdings upon entering the CM is

Wm(m, b, k, s) =
Aφ(s)
w(s)

, (10)

the marginal value of holding bonds upon entering the CM, respectively, are

Wb(m, b, k, s) =
Aφ

w(s)
, (11)

and the marginal value of holding the each of the four types of capital stocks at

the beginning of the CM are as follows. With respect to a Home agent’s holding of

capital stock in the Home country, the marginal CM value is:

Wk(m, b, k, s) =
A

w(s)
[1 + r(s)− δ] . (12)

The envelope conditions (10)-(12) imply that, W is linear in (m, b, k), for each fixed

aggregate state s. So we can write W as

W(m, b, k, s) = W(0, 0, 0, s) +
A
w

[
φ(m + b) + (1 + r− δ)k

]
. (13)

2.3.3. Firms. The CM firm’s production is given by the technology (k, H) 7→ zF(k, H)

which is subject to a stochastic productivity shock, z ∈ z. Assume (zt)t∈N is a

strictly positive and bounded stochastic process. Assume that F ∈ C2(R2
+) and

that Fk > 0, FH > 0, Fkk < 0, FHH<0, and, F(k, 0) = F(0, H) = 0.

The market for inputs to F is perfectly competitive such that profit maximization

is characterized by the usual first order conditions where capital and labor are paid

a respective rental rate which equals their marginal products in every aggregate
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state s:

r(s) = zFk[k(s−), H(s)], (14)

and

w(s) = zFH [k(s−), H(s)], (15)

where

H(s) =
∫

a
H(a, s)µh(s, da)

is aggregate labor supply in the Home CM.

Without loss of generality for the rest of the model, we shall assume that (zt)t∈N

is induced by some Markov process to be described in the application later on.

A foreign country’s CM agent named (m∗, b∗, k∗, s) and its firm have a symmetric

problem to (1)-(3) and (14)-(15).

2.4. Decentralized markets. At the beginning of night , at each t ∈ N, an agent

named (m, b, k, ŝ) enters the DM.4 With a fixed probability σ this agent is the buyer

of the special good that some other agent produces, qb, where the other agent

(seller) is indexed by the state (ã, ŝ) := (m̃, b̃, k̃, ŝ), but not vice-versa. So the buyer

parts with db “dollars” and realizes a payoff of u(qb) ∈ R. The buyer then enters

the day CM with a value of W
(
m− db, b, k, s

)
.

Symmetrically, with probability σ, agent (m, b, k, ŝ) has a special good qs which

other buyers want to buy, but not vice-versa. This agent receives ds dollars in ex-

change for exerting a production cost of c(qs, ζk) ∈ R+. Notice that capital obtained

from the previous period’s CM, k := k(m−, b−, k−, ŝ), accrues a return in the DM

in the form of the marginal benefit to producing qs, i.e. ck(qs, ζk).5 This seller then

enters the day CM with a value of W (m + ds, b, k, s).
These two events described above are known as single-coincidence-of-wants

meetings, where money is a portable medium of exchange. With probability 1− 2σ,

agent (m, b, k, ŝ) leaves the DM and enters the day with his assets intact, and begins

4Note that m implicitly includes any aggregate monetary transfer or injection from the govern-
ment, which we denote later as ι(ŝ), so then, m(ŝ) = m(s−) + ι(ŝ).

5This feature was first introduced by Aruoba, Waller, and Wright [2008, Appendix A.1]. The
authors showed that whether there exist two kinds of capital goods, for use in the DM and in the CM
production, respectively, is of negligible quantitative consequence in their model. We allow for the
more general two-capital case as this avoids zero total holdings of any capital stock in certain states
of the world, and more importantly, in a deterministic steady state.
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his activity in the CM with value W(m, b, k, s). For simplicity, we assume the prob-

ability of a “double-coincidence” meeting, and hence the occurrence of pure barter,

is zero.

Formally, an agent named (m, b, k, ŝ) has a value V(m, b, k, ŝ) at the beginning of

the DM that satisfies the following problem:

V(m, b, k, ŝ) = σ
∫ [

u(qb) + W
(

m− db, b, k, s
)]

νh(dã, ŝ)

+ σ
∫

[−c(qs, ζk) + W (m + ds, b, k, s)] νh(dã, ŝ)

+ (1− 2σ)W(m, b, k, s). (16)

where the choices are determined by two decision rules d and q. The decision rules

d and q are solutions to the following bargaining problem.

2.4.1. Generalized Nash bargaining solution. In each single-coincidence meeting that

occurs with probability σ, the money exchanged d and quantity traded q, solve a

generalized Nash bargaining problem:6

max
q∈R+,d∈[0,m]

{
[u(q) + W(m− d, b, k, ŝ)− Tb]

θ

×
[
−c(q, ζ k̃) + W(m̃ + d, b̃, k̃, ŝ)− Ts

]1−θ
}

, (17)

where Tb = W(m, b, k, s) and Ts = W(m̃, b̃, k̃, s) are the respective threat points of

the buyer and the seller –i.e. their individual values of entering the next CM with

empty trades from the DM. The parameter θ ∈ [0, 1] is the bargaining strength of

the buyer, and, is also the probability that the buyer gets to make an offer in the

subsequent round of an equivalent sequential bargaining game.

We show in Appendix 1 that the bargaining stage of the DM problem has well-

defined solutions. Thus overall, the characterization of a monetary equilibrium,

which partly depends on the bargaining solution, will be given by an operator that

acts on well-behaved measurable functions.

Proposition 1 (Existence of measurable Nash bargaining solution). For each given ŝ,
there exist (B(R+)×Bi,B(R+))-measurable selections q and d that solve (17).

6The Nash bargaining solution has been shown to be approximately the unique subgame perfect
equilibrium in an equivalent complete-information sequential bargaining game [see e.g. Binmore,
Rubinstein, and Wolinsky, 1986; Howard, 1992].
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By the linearity of the value function W in (13), at each given s, the problem in

(17) can be further simplified to

max
q∈R+,d∈[0,m]

{ [
u(q)− Aφ

w
d
]θ [
−c(q, ζ k̃) +

Aφ

w
d
]1−θ }

. (18)

2.5. Monetary and fiscal authority. New money supply is injected at the end of the

period in the CM.7 Specifically, the monetary authority follows a monetary supply

rule:

M(s) = exp(ψ)M(s−), (19)

where exp{ψ} − 1 is the one-period money supply growth rate between time t and

t+ 1. Assume that (exp(ψt))t∈N follows a Markov process that lives in the compact

set [1, N], with N < +∞. We define this process later.

The monetary authority’s nominal budget constraint for each s is:

M(s) = ι(s) + M(s−). (20)

Thus, aggregate money injection ι(s) is given by:

ι(s) = [exp(ψ)− 1] M(s−).

Also, note that if we set exp(ψ) = 1 for all periods, then money supply remains

constant forever. In this case, ι(s) = 0 for all s so no new money is injected into

the economy. Again, the Foreign country would have a symmetric description of

its government policy and budget constraint.

The fiscal authority maintains a balanced budget each period:

G(s) = T(s), (21)

where G is government expenditure. For simplicity, assume that G is wasteful gov-

ernment spending.

3. STATIONARY MARKOV MONETARY EQUILIBRIUM

In this section, we show a key result that in an equilibrium, the endogenous

distribution of agents’ asset holdings is degenerate at the start of each period (and

hence DM), such that all agents in each country choose the same allocations that

depend only on the global state. We further characterize the equilibrium conditions

in the DM and list the conditions for market clearing in the CM. We then define the

7This is merely for mathematical convenience, so that within each DM, agents do not have to deal
with a stochastic total payoff function, W.
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elements that constitute a stationary Markov monetary equilibrium, which includes

non-Walrasian or decentralized bilateral random matches with bargaining.8

3.1. Equilibrium transitions and distributions. We make explicit the equilibrium

laws of motion (4) and (5). First, consider in general the transition of the distribution

of assets from the time-t CM to the time-(t + 1) DM, which was given in (4) by

the mapping Gν, for country i = h. Define the function χ(z) : (R+ ×R×R+)×
Bi(z+)→ [0, 1] by

χ(a, Bz+ |z, µi) =

1 if ai+ ∈ Bz+

0 otherwise
, ∀Bz+ ∈ Bi(z+), (22)

recalling that a := (m, b, k).
Note that: (i) For each (a)(z), the function Bz+ 7→ χ(a, Bz+ |z, µi) is Bi(z+)-

measurable; and (ii) for each Bz+ ∈ Bi(z+), a 7→ χ(a, Bz+ |z, µi) is Bi(z)-measurable.

Then χ(a, Bz+ |z, µi) is a transition probability function [see e.g. Bhattacharya and

Majumdar, 2007, Chapter 2], and we can define the equilibrium law of motion Gν

as

νi(Bz+) =
∫

χ(a, Bz+ |z, µi)µi(z, da) =: Gν [µi(s, ·), z+] , (23)

for all Bz+ ∈ Bi(z+) where z+ isF+-measurable, and where (Ft)t∈N is a filtration of

the filtered probability space of the exogenous global stochastic processes (zt)t∈N.

Second, we consider the transition of the distribution of assets from each period’s

DM to its CM, given in (5). In what follows, we can dispense with the cumbersome

notation of explicit aggregate z dependency of the problem in the DM, since the

bargaining problem is purely static with z known in each period. We can construct

this equilibrium mapping as follows. Let T = {Buyer, Seller, Neither} and T be the

σ-algebra of T. Define the probability measure ρ : T → [0, 1] by

ρ(Tj) =


σ if Tj = Buyer

σ if Tj = Seller

1− 2σ if Tj = Neither

. (24)

The relevant measure space will be (T, T , ρ). Since all other assets, other than

money m are not traded in the DM, we can just focus on the following descrip-

tion of events in the DM. Let an event be denoted by the pair (τ, m̃i) ∈ T ×R+

8We focus only on stationary Markovian equilibria as this is more tractable (theoretically and
econometrically) and so that we can use standard numerical functional analysis to approximate the
solutions.
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which summarizes an agent’s trading status and the money holding of his current

trade partner in the DM. Then a measurable space of events is denoted by (E, E),
where E = T ×R+ and E = T × B(R+). Let ζ : E → [0, 1] be the product prob-

ability measure. So (E, E , ζ) is also a measure space. Then define the mapping

L(m, e; ŝ) : R+ × E 7→ R+ by

L(m, e; ŝ) =


m + ι(ŝ)− d[m + ι(ŝ), k̃, ŝ] if τ = Buyer

m + ι(ŝ) + d[m + ι(ŝ), k, ŝ] if τ = Seller

m + ι(ŝ) if τ = Neither

, (25)

where ι(ŝ) is the average new money supply injection. Then define P : R+ ×
B(R+)→ [0, 1] by

P(m, B, ŝ) := ζ ({e ∈ E|L(m, e; ŝ) ∈ B}) , ∀B ∈ B(R+),

which is also a transition probability function. Now we can define Gµ by

µi(B) =
∫

P(m, B, ŝ)νi(z, da) := Gµ(B) [νi(s, ·), z] . (26)

for all B ∈ Bi(z), where da := (dm, b, k) and it is understood that (b, k) are fixed

during the DM.

In any equilibrium, asset holdings at the beginning of each t ∈ N is identical

across all agents within each country i, so that,

(m, b, k)(s) =
∫
(m, b, k)νi(ŝ, dm, db, dk)

:=: (M, B, K)(ŝ)

=: (M, B, K)(z). (27)

for each i ∈ {h, f }, for all ŝ. This implies that we can explicitly write ν(ŝ, ·) as

ν(z, ·), and furthermore, for every z, and every A ∈ Bi(z),

νi(z, A) =

1 if (m, b, k) = (M, B, K) ∈ A

0 otherwise
.

However, from (26), we can see that even if νi(z, ·) is degenerate at the end of the

CM, µi(z, ·) is not. Thus, explicitly, agents at the beginning of each CM will still

face an aggregate state variable s that contains a non-degenerate distribution of

individual states. Specifically, the non-degeneracy is along the dimension of money

holdings out of the DM.
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3.2. Implications for the DM optimal decisions. In equilibrium (see Appendix

A), the constraint d ≤ m binds. So then, a solution to the concave programming

problem in (18) is necessarily and sufficiently given by the decision rules q(m, ζ k̃, ŝ)
and d(m, ζ k̃, ŝ) satisfying:

d(m, ζ k̃, ŝ) = m, (28)

Aφ

w
m =

θc(q, ζ k̃)uq(q) + (1− θ)u(q)cq(q, ζ k̃)
θuq(q) + (1− θ)cq(q, ζ k̃)

≡ g(q, ζ k̃, ŝ). (29)

Note that the first order condition (29) defines an implicit function of the solution

q = q(m, ζ k̃, ŝ). That is q depends only on the money holding of the buyer and the

DM-specific capital stock of the seller. This result is identical to Aruoba, Waller, and

Wright [2008]. Therefore, we have the following everywhere (q, k̃)-smooth partial

derivatives:

gq :=
uqcq

[
θuq + (1− θ)cq

]
+ θ(1− θ)(u− c)[uqcqq − cquqq][

θuq + (1− θ)cq
]2 > 0, (30)

and

gk :=
uqck

[
θuq + (1− θ)cq

]
+ θ(1− θ)(u− c)uqcqk[

θuq + (1− θ)cq
]2 < 0. (31)

Moreover, since u ∈ C2(R+) and c ∈ C2(R2
+), by the Implicit Function Theorem,

this implies that q ∈ C1(R2
+). Specifically, we can sign the following partial deriva-

tives:

∂d
∂m

= 1,
∂d

∂m̃,
= 0,

∂q
∂m

=
Aφ

w
1
gq

> 0,

∂q
∂m̃,

= 0,
∂d
∂k

=
∂m̃,
∂k

= 0,
∂q
∂k

= − gk

gq
> 0. (32)

Since all agents exiting the CM (hence entering the current DM) have the attribute

(m, b, k, ŝ) in any equilibrium, this implies that νh(·, ŝ) is degenerate for all z, so

then (16) can be written as

V(m, b, k, ŝ) = σ

{
u [q(m, ζk, ŝ)]− Aφ

w
d(m, ζk, ŝ)

}
+ σ

{
−c [q(m, ζk, ŝ), ζk] +

Aφ

w
d(m, ζk, ŝ)

}
+ W(m, b, k, ŝ), (33)

(m, b, k) = (M, B, K), ∀ŝ.
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3.3. Envelope conditions for V in the DM. At an optimum, the envelope condi-

tions for (33), (28) and (29), along with (10)-(12), are as follows. The marginal value

of money at the beginning of the DM is

Vm(m, b, k, ŝ) = σ

{
uq(qb)

∂qb

∂m
− Aφ

w
∂db

∂m

}
+ σ

{
Aφ

w
∂ds

∂m
− cq(qs)

∂qs

∂m

}
+

Aφ

w
,

which by (32) simplifies to

Vm(m, b, k, ŝ) =
Aφ

w

[
(1− σ) + σ

uq(q)
gq(q, ζk)

]
> 0. (34)

The marginal value of the state-contingent money claims at the beginning of the

DM is

Vb(m, b, k, ŝ) = Wb(m, b, k, s) =
Aφ

w
. (35)

The DM marginal value of the capital stock, is

Vk(m, b, k, ŝ) = σ

{
uq(qb)

∂qb

∂k
− Aφ

w
∂db

∂k

}
+ σ

{
Aφ

w
∂ds

∂k
− cq(qs, ζk)

∂qs

∂k
− ∂c(qs, ζk)

∂k

}
+ Wk(m, b, k, s). (36)

By (32), (36) simplifies to

Vk(m, b, k, ŝ) =
Aφ

w
(1 + r− δ)− σγ(q, ζk) > 0, (36’)

where

γ(q, ζk) = −cq(q, ζk)
gk(q, ζk)
gq(q, ζk)

+ ck(q, ζk) < 0, (37)

and

gk(q, ζk)
gq(q, ζk)

=
∂q(m̃, k, ζ)

∂k
.

The function γ is strictly negative due to two effects that capture the reduction

in marginal cost of production in the DM. The first term on the right of (37) is the

indirect effect on marginal cost through the effect of an additional capital stock on

the terms of trade q.

This reflects the fact that parties to a monetary trade in the DM are not price

takers. The terms of trade determined by the bargaining solution thus takes into
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account the seller’s stock of capital in the DM. The second term is the capital-effort

complementarity effect in the production of q in the sense that marginally more

capital stock reduces the cost of producing q.

3.4. Market clearing in the CM. In an equilibrium, since agents within each coun-

try choose the same asset holdings, i.e. (m, b, k) = (M, B, K), then they do not

borrow from, or, lend to each other, only countries lend to each other. Therefore, in

the global equilibrium, state-contingent money claims by Home and Foreign have

zero excess demand:

B(s) + B∗(s) = 0. (38)

in every state s. The Home resource constraint is given by

zF[k(s−), H(s)] = X(s) + I(s) + G(s), (39)

where I(s) = K(s)− (1− δ)K(s−) is domestic capital investment.

The Foreign resource constraint is given by

z∗F[K∗(s−), H∗(s)] = X∗(s) + I∗(s) + G∗(s), (40)

where I∗(s) = K∗(s)− (1− δ)K∗(s−) is the Foreign country’s investment in its own

capital stock.

We now define our notion of a global monetary equilibrium (with decentralized

bargaining).

Definition 1. A monetary stationary Markov equilibrium (SME), given any feasible mon-
etary policy rule (ψ, ψ∗), is a set of time-invariant maps consisting of

E1. strictly positive pricing functions (φ, φ∗, e) and (w, r, w∗, r∗, Q),
E2. transition laws (G, ϕ) and (G∗, ϕ∗),
E3. value functions V, W and V∗, W∗,
E4. CM decision rules (X, X∗, m, m∗, b, k, b∗, k∗), and
E5. DM terms of trade (decision rules), (d, q) and (d∗, q∗),

such that:

(1) given prices (E1), the value functions V and W satisfy the functional equations (1),
(2 ), (3), and (16) and symmetrically V∗, W∗ solve the Foreign country counterpart
problems;

(2) given the value functions V and W, and prices (E1), the decision rules E4 solve (1),
(2 ), (3) for the Home country and symmetrically for the Foreign country, given V∗

and W∗;
(3) Firms optimize: (14) and (15);
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(4) given the value function W, the decision rules E5 solve (18), and symmetrically for
the Foreign country, given W∗;

(5) The government budget constraint (20) is satisfied for Home and symmetrically for
Foreign.

(6) Markets clear in the CM and CM*: (38), (39) and (40), where m = M, b = B and
k = K, and m∗ = M∗, b∗ = B∗ and k∗ = K∗.

In Appendix A we show that a stationary Markov monetary equilibrium exists

generally.

Theorem 1. In this global economy, a stationary Markov monetary equilibrium exists.

4. EQUILIBRIUM ASSET-PRICING PROPERTIES

We are now in a position to gain further insights into the international asset pric-

ing properties of the model. The insight will be driven by the endogenous com-

plementarity effect of capital k on the production cost in the DM, measured by the

endogenous function γ in equation (37). This γ acts as an endogenous wedge in

equilibrium asset pricing conditions in the model.

Using the first-order conditions in the CM and DM, the corresponding enve-

lope conditions, and imposing equilibrium, we can derive a set of stochastic Euler

functional equations necessary for characterizing a stationary Markovian equilibrium
(SME). We can write the SME conditions as ones that characterize the solutions

as s-dependent processes. Recall that in any equilibrium, agents end up choosing

the same asset allocations regardless of their personal state. Thus, with a slight

abuse of notation, we drop the dependency on aggregate state variables such as

µi(s, ·), i ∈ {h, f }, from the definition of s in equilibrium. In other words, the Euler

equations below will have the appearance as though they were—and indeed they

are—characterizing equilibrium of some representative agent model.

First, from (6), we can easily deduce that in equilibrium, X(a, s) = X(s) and

X∗(a f , s) = X∗(s), for all s. Also, we have, in equilibrium, q(m, ζ k̃, s) = q(M, ζK, s) ≡
q(s) and q∗(m∗, ζ∗ k̃∗, s) = q∗(M∗, ζ∗K∗, s) ≡ q∗(s). Together with (7) and (34), we

have the SME version of the Euler functional equation for optimal money holdings

in the Home country:

UX[X(s)] = βEλ

{
UX[X(s+)]

φ(s+)
φ(s)

[
(1− σ) + σ

uq[q(s+)]
gq[q(s+), ζ+K(s)]

]}
,

(41)



SEARCH-THEORETIC MONEY AND CAPITAL 19

where the term in the square brackets is the state-contingent one-period nominal

gross return on money holding. This return is made up of two terms: (i) With

measure 1− σ, the positive one-for-one effect on the value of entering the CM with

more money holding in the case that the agent does not trade in the DM net of

the negative one-for-one effect on the value of entering the CM with less money

holding in the case that the agent spent his money holding as buyer; and (ii) the

positive marginal effect of money holding on utility of consumption via the specific

good q, conditional of the agent being a buyer with probability σ. Alternatively,

using (6) and (29), we can write (41) as an integral-functional equation solely in

terms of the functions q and K:

g[q(s), ζK(s−)]
M(s−)

=

βEλ

{
g[q(s+), ζ+K(s)]

M(s)

[
(1− σ) + σ

uq[q(s+)]
gq[q(s+), ζ+K(s)]

]}
. (42)

A parallel of this equation for the Foreign country characterizing equilibrium q is:

g[q∗(s), ζ∗K∗(s−)]
M∗(s−)

=

βEλ

{
g[q∗(s+), ζ∗+K∗(s)]

M∗(s)

[
(1− σ) + σ

uq[q∗(s+)]
gq[q∗(s+), ζ∗+K∗(s)]

]}
. (43)

Second, since in equilibrium, X(a, s) = X(s) for all s, along with (8) and (35), we

then have an Euler equation for optimal Home bond holdings:

Q(s+|s) :=
[∫

a+
Q(a+, s+|a, s)µh(s+, da+)

]
λ(s, ds+)

= β
UX[X(s+)]
UX[X(s)]

φ(s+)
φ(s)

λ(s, ds+), ∀s, s+. (44)

Third, Foreign agents would also have a first order condition for bonds similar to

(44), which, in Home currency terms is:

Q̃(s+|s) :=
[∫

a∗+
Q(a∗+, s+|a, s)µ f (s+, da∗+)

]
λ(s, ds+)

= β
UX[X∗(s+)]
UX[X∗(s)]

φ∗(s+)
φ∗(s)

e(s)
e(s+)

λ(s, ds+), ∀s, s+. (45)



20 P. GOMIS-PORQUERAS, T. KAM & J. LEE

From (6), (9) and (36), we have an Euler equation for optimal Home capital hold-

ings:

UX[X(s)] =

βEλ

{
UX[X(s+)]

[
(1 + z+Fk [K(s), H(s+)]− δ)− σ

γ[q(s+), ζ+K(s)]
UX[X(s+)]

]}
.

(46)

The equation characterizing optimal holding of capital by Foreign agents is:

UX[X∗(s)] =

βEλ

{
UX[X∗(s+)]

[
(1 + z∗+Fk[K∗(s), H∗(s+)]− δ)− σ

γ[q∗(s+), ζ∗+K∗(s)]
UX[X∗(s+)]

]}
.

(47)

4.1. Inspecting the mechanism. Since the global CM markets for state-contingent

money claims are complete, in equilibrium, it must be that Q(s+|s) = Q̃(s+|s)
for every s and every s+. Thus, equating the bond price from (44) and (45) and

iterating, we have

UX[X(s)]
UX[X(s0)]

φ(s)
φ(s0)

=
UX[X∗(s)]
UX[X∗(s0)]

e(s0)

e(s)
φ∗(s)
φ∗(s0)

(48)

where s0 is the initial aggregate state. Assume that the initial condition, given by

κ0 :=
e(s0)UX[X(s0)]φ(s0)

UX[X∗(s0)]φ∗(s0)

is fixed. Using the conventional real exchange rate, x(s), definition:

x(s) =
e(s)φ(s)

φ∗(s)
,

we can re-write the above expression in (48) as:

x(s) = κ0
UX[X∗(s)]
UX[X(s)]

. (49)

This warrants some remark. Up to this point, in terms of equilibrium complete

state-contingent money claims, we have derived a standard complete markets re-

sult for the real exchange rate of the globally traded general good X [see e.g. Chari,

Kehoe, and McGrattan, 2002]. Specifically, what (49) says is that the real exchange

rate, at each state of the world, is proportional to the within-period marginal rate
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of substitution of the general good between Home and Foreign consumers. Intu-

itively, and quite obviously, in the absence of frictions, we will obtain similar dy-

namics for the real exchange rate, x, as in the standard international real business

cycle model [see Backus, Kehoe, and Kydland, 1994].

However, we can show that in the model with capital complementarity in DM

production, there exists a “wedge” that acts as a connection between outcomes

in the nontraded DM to the marginal utility of X expressions, and thus, the real

exchange rate x. To see this, we can insert the conditions (46) and (47) into (49)

to obtain a relationship between the real exchange rate, x, and DM activity (which

would include bargaining frictions in the case with Nash bargaining):

x(s) ∝
Eλ

{
UX[X(s+)]

[
(1 + z+Fk[K(s), H(s+)]− δ)− σ

γ[q(s+),ζ+K(s)]
UX [X(s+)]

]}
Eλ

{
UX[X∗(s+)]

[
(1 + z∗+Fk[K∗(s), H∗(s+)]− δ)− σ

γ[q∗(s+),ζ∗+K∗(s)]
UX [X∗(s+)]

]} .

(50)

5. COMPUTATIONAL EXERCISE

As a first exercise, we consider a simpler pricing mechanism in the DM – Wal-

rasian price taking. We show analytically, in Appendix XX, that in this case, the

SME nests a unique non-stochastic steady state equilibrium.9 For our numerical

experiments, we consider the following specific functions to represent the model

primitives. In the CM, preferences and technology are described by

U(X) = B
X1−η1 − 1

1− η1
, zF(K, H) = zKαH1−α,

respectively, where B > 0, η1 > 0, and α ∈ (0, 1). In the DM, preferences and

technology are given respectively by

u(q) = C
(q + b)1−η2 − b1−η2

1− η2
, c(q, ζK) = qv(ζK)1−v

where C = 1 without loss of generality, b↘ 0, η2 > 0 and v ≥ 1.

Given these function, we can characterize the SME with either (i) DM Nash bar-

gaining or (ii) DM Walrasian price taking assumptions on the pricing mechanism

in DM trades. As a first pass, we will consider (ii) DM Walrasian price, since we

can show that the SME under this pricing assumption is a special case of (i). More

important, with DM Walrasian price taking, we can first focus on the role that cap-

ital complementarity plays in DM production and its pure effect on the SME and

9Later, in the bargaining case, we have to rely on numerical methods to find the non-stochastic
steady state solutions.
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Parameter Values

β .99
b 0.0001
η = γ 1
δ 0.10/4*
α 0.288* (AWW)
A 13 (to match Hss = 1/3)
φ 1.6 (AWW)
σ 0.26/4 (AWW)
ω 0.9397 (BKK)

real exchange rate dynamics. (Later, when we incorporate the Nash bargaining as-

sumption, we can also see the additional effect of bargaining holdups on capital

and its resulting effect on the SME real exchange rate dynamics.)

5.1. Parameterization.

* Introduced (τK, τH, τX) = (0.548, 0.242, 0.069) for U.S. data to obtain plausible

K/Y ratio.

Table ?? summarizes the baseline parameter values for the model. The param-

eter sg is such that the ratio of government spending to total output is 25%, as in

the U.S. data. The value of H refers to the steady-state fraction of time spent work-

ing, which is roughly 0.33 in the US. data. This value is achieved by calibrating the

marginal utility of labour parameter A. We borrow the capital-output ratio, K/Y,

from Aruoba, Waller, and Wright [2008], where output in this case refers to output

from CM production. The curvature parameters η1 and η2 imply that both U and

u are natural log functions of X and q, respectively. The value of of v > 1, implies

that the more capital is installed for use in the DM production, the lower the cost

of producing a unit of DM output q. By duality, this implies that capital is a com-

plementary input to labor effort in DM production. The remaining microeconomic

parameters (β, δ, α) are standard.

In the baseline parameterization, we assume that all the TFP levels (and their

shocks), in both CM and DM, are uncorrelated with each other. In parameterizing

the exogenous TFP autocorrelation parameters (ρZ, ρZ∗) we borrow values from

Heathcote and Perri [2002]. Since we have no information about the persistence of

TFP in the data equivalent of the DM, we set (ρζ , ρζ∗) = (ρZ, ρZ∗). In the following

numerical examples, we do not introduce policy shocks. In other words, we set

the shock to the money supply growth rate ψ = 0, and government spending is

just a constant at the nonstochastic steady-state level of G := sgzF(K, H) for all
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simulations. In doing so, we focus only on TFP variations in either the CM or DM

production technologies, or both.

5.2. Impulse response analysis. Consider the dynamics of the baseline model.

First we look at isolating the effect of individual TFP shocks in the CM and DM

(in the Home country) separately. The exercise is symmetric if we considered

the respective shocks in the Foreign country. Output in the CM is measured by

YCM = zF(K, H) and output in the DM is YDM = σq. So total output in the model

is Y = YCM + YDM.

5.2.1. Home CM TFP shock. A one-percent positive shock to the CM TFP, given by

z, has the following effects:

• Raises CM output directly and therefore agents income from renting out

labor and capital in the CM: zF(K, H).

• Raises the marginal products of labor, zFH(K, H), and capital, zFk(K, H),

directly.

From Figure ??, we can see that

• CM consumption X rises but this is smaller than CM output, given by Y −
σq. So not all increase in domestic income is consumed in the CM as X.

• The rise in the marginal product of labor raises real wage in the CM. From

the labor market equilibrium condition, where (6) equals (15), either X has

to increase (by concavity of U) or H has to increase, or both. Here we see

both increase. So the agents consume more and work harder.

• Since not all increase in YCM is consumed, some of it is invested into capital

K. We see that after one period, K rises and remains quite persistently above

its nonstochastic steady state value.

• In the model with DM capital complementarity (indexed by the parame-

ter v), conditional on successful DM bilateral matching (indexed by σ),

agents in the CM know that a fortuitous improvement in CM technology

also means that extra capital investments that make toward future CM pro-

duction also has a DM benefit. This additional DM benefit or return to cap-

ital is captured by the term −σγ(q+, K) in the subsequent period.

• Thus, equilibrium q, determined in the next period DM, also rises after one

period in response to a current CM TFP improvement.

• There is also international flows (which all happens in the CM in this model)

to consider. We can see that while Home consumption in the CM rises, for-

eign consumption also rises, but by a magnitude many orders smaller. This
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implies that Home agents’ marginal utility of X falls by more than Foreign

agents’ marginal utility of X∗. From the complete markets international as-

set pricing relationship which we derived earlier in (49), this has to mean

that the real exchange rate response is immediately positive.

• Since the marginal product of labor in the CM has increased, we can see

from the DM pricing equation (29) that this also decreases the unit of ac-

count 1/φ directly, which is the CM general-good price level.

• In terms of the direction of flows of the global state-contingent money claims,

we can see from the definition of the nominal exchange rate,

e =
UX(X∗)φ∗

UX(X)φ
= x

φ∗

φ
,

which is decreasing, is consistent with the small increase in Foreign con-

sumption X. That is, Foreign agents are issuing money bonds to Home

agents to finance their consumption, resulting in a depreciation of the For-

eign currency, or an appreciation of the Home currency.

The next question then is what does DM capital complementarity do? Consider the

dashed impulse response functions in Figure ??. This is the case where we have

increased the value of the baseline v by two times. Now we see that:

• The immediate capital investment in the Home CM is more attenuated. This

can be seen in terms of the one-period slope of the impulse response func-

tion of K. Furthermore, the path of K is not a persistent anymore.

• The smaller magnitude of response is consistent with the intuition that with

a higher share of capital in DM production, measured by 1 − 1/v, the

greater the complementarity between capital and labor effort in DM pro-

duction. This also means that the marginal benefit of capital accruing from

future DM production, from a unit of capital investment in the CM today, is

relatively larger than if v is small.

• Thus current CM consumption, X, has a smaller response than if v is larger.

This translates to smaller responses in the real exchange rate by the asset

pricing relation for the real exchange rate.

• From the dashed responses in the same figure, we also see that much of the

real exchange rate persistence depends on that of the capital stock K. Again

this is because of a relatively higher capital complementarity, v, which re-

sults in relatively higher subsequent rounds of marginal benefits from DM

capital utilization.
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One natural question to ask next, is whether the model is quantitatively plausible.

We use US data statistics reported in Heathcote and Perri [2002] and Chari, Ke-

hoe, and McGrattan [2002]. In Table ?? we compare some key statistics from the

US data with that of model’s equilibrium induced stochastic process. In terms of

the standard deviations (measured relative to that of national output), the model

is capable of matching the data quite closely in terms of tradable consumption X,

and investment I. Labor H seems to miss the mark. In terms of cross-country cor-

relations, the baseline model over-predicts the correlations. This is not surprising

because the model is very stylized. Namely, we do not allow for real trade in final

consumption or intermediate production goods. One of the stylized facts of the real

exchange rate puzzle is the lack of real exchange rate persistence in most equilib-

rium model, compared to the data. However, the baseline model seems to be quite

promising in terms of generating very persistent real exchange rate dynamics.

5.3. Backus-Smith puzzle. See figure 6a to 6d ...? TEST: 3a
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TABLE 1. Percentage standard deviation (relative to U.S. GDP).

Data FB CMFI CMIM CKM HP
e 4.67 n.a. 4.49 7.02 4.14-4.66 n.a.
x 2.23-4.36 0.91 1.43 1.61 4.09-4.98 2.23
X 0.81-0.83 0.74 1.21 1.29 0.83-0.92 0.51-0.53
I 2.78-2.84 3.68 4.07 4.76 1.32-1.70 2.04-2.74
H 0.66-0.90 0.56 0.50 0.62 0.48-0.63 0.28-0.32

TABLE 2. First-order autocorrelations.

Data FB CMFI CMIM CKM HP
e 0.86 n.a. 0.68 0.69 0.46-0.69 n.a.
x 0.83 0.99 0.99 0.35 0.48-0.69 n.a.
X 0.89 0.99 0.99 0.99 0.48-0.61 n.a.
I 0.91 0.86 0.89 0.74 0.47-0.60 n.a.
H 0.90 0.85 0.94 0.91 0.48-0.69 n.a.
Y 0.88 0.94 0.94 0.93 0.49-0.70 n.a.

TABLE 3. Contemporaneous correlations.

Data FB CMFI CMIM CKM HP
(Y, Y∗) 0.60 0.26 0.22 0.03 0.43-0.58 0.17-0.24
(X, X∗) 0.38 0.29 0.3 0.03 0.48-0.50 0.65-0.85

(x, X/X∗) -0.35 1.00 1.00 0.60 1.00 n.a.
(x, e) 0.99 n.a. 0.00 0.46 0.75-0.88 n.a.

5.4. International business cycle features.

6. CONCLUSION

In this paper we develop a search-theoretic monetary model of a two-country

global economy with macroeconomic implications. We show the connection be-

tween deep monetary frictions (i.e. search and matching frictions), capital holdup

externalities, and the the models ability to solve certain aspects of the real exchange

rate puzzle found in standard models.

APPENDIX A. EXISTENCE OF STATIONARY MARKOV MONETARY EQUILIBRIA

To be typed in full (Pls check this!).
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A.1. Equilibrium nesting constant deterministic steady states. Since the processes

(ψ) and (ψ∗) are bounded below by zero, this implies that nominal variables, namely

M, M∗, φ and φ∗ will grow unboundedly. We can perform a change of variables in

the equilibrium conditions for nominal variables as follows. We normalize Home

and Foreign nominal variables by M(s−) and M∗(s−), respectively, such that

ι̂(s) :=
ι(s)

M(s−)
, ι̂∗(s) :=

ι∗(s)
M∗(s−)

, φ̂(s) := φ(s)M(s−),

φ̂∗(s) := φ∗(s)M∗(s−), ê(s) :=
e(s)M∗(s−)

M(s−)
.

Then our SME conditions can be equivalently written as follows. The Home and

Foreign money supply injection are respectively given as:

ι̂(s) = exp(ψ)− 1 (51)

ι̂∗(s) = exp(ψ∗)− 1 (52)

Labor market clearing in the CM in Home and Foreign, respectively, are

UX[X(s)] =
A

zFH [K(s−), H(s)]
(53)

UX[X∗(s)] =
A

z∗FH
[
K∗CM(s−), H∗(s)

] (54)

The Home resource constraint in equilibrium is given by

zF[K(s−), H(s)] = X(s) + K(s)− (1− δ)K(s−) + G(s). (55)

The Foreign resource constraint is given by

z∗F[K∗(s−), H∗(s)] = X∗(s) + K∗(s)− (1− δ)K∗(s−) + G∗(s). (56)

Complete international risk sharing entails

ê(s)φ̂(s)
φ̂∗(s)

= κ0
UX[X∗(s)]
UX[X(s)]

. (57)

where κ0 = 1, implying a symmetric initial steady state, without loss of generality.

Aggregate general-good price levels in Home and Foreign, respectively, are pinned

down by

Aφ̂(s)
zFH [K(s−), H(s)]

exp{ψ} = g[q(s), ζK(s−)], (58)

and

Aφ̂∗(s)
z∗FH [K∗(s−), H∗(s)]

exp{ψ∗} = g[q∗(s), ζ∗K∗(s−)]. (59)
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The equilibrium Euler equations for Home are:

g[q(s), ζK(s−)] =

βEλ

{
g[q(s+), ζ+K(s)] exp{−ψ}

[
(1− σ) + σ

uq[q(s+)]
gq[q(s+), ζ+K(s)]

]}
(60)

UX[X(s)] =

βEλ

{
UX[X(s+)]

[
(1 + z+Fk (k(s), H(s+))− δ)− σ

γ[q(s+), ζ+K(s)]
UX[X(s+)]

]}
.

(61)

The equilibrium Euler equations for Foreign are:

g[q∗(s), ζK∗(s−)] = βEλ

{
g[q∗(s+), ζ∗+K∗(s)] exp{−ψ∗}

×
[
(1− σ) + σ

uq[q∗(s+)]
gq[q∗(s+), ζ∗+K∗(s)]

]}
(62)

UX[X∗(s)] = βEλ

{
UX[X∗(s+)]

[
(1 + z+Fk (K∗(s), H∗(s+))− δ)

− σ
γ[q∗(s+), ζ∗+K∗(s)]

UX[X∗(s+)]

]}
. (63)

Definition 2. A stationary Markov monetary equilibrium (with decentralized bargaining)
is given by time-invariant functions of s, i.e.

(1) Consumption functions (X, X∗, H, H∗, q, q∗),
(2) Savings functions (K, K∗), and,
(3) Pricing functions (ê, φ̂, φ̂∗),

that induce bounded stochastic processes satisfying the recursions (51)-(63), for given poli-
cies (ι̂(s), ι̂∗(s), G(s), G∗(s)).
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FIGURE 2. Impulse responses of variables to 1% Home TFP in-
crease: FB (- ◦ -), CMFI (- � -), CMIM (- � -).
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FIGURE 3. Impulse responses of variables to 1% Home TFP in-
crease: FB (- ◦ -), CMFI (- � -), CMIM (- � -).
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FIGURE 4. Impulse responses of variables to 1% Home TFP in-
crease: FB (- ◦ -), CMFI (- � -), CMIM (- � -).
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FIGURE 5. Impulse responses of variables to 1% Home TFP in-
crease: FB (- ◦ -), CMFI (- � -), CMIM (- � -).
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FIGURE 6. Impulse responses of variables to 1% Home money-
supply growth ψ increase: FB (- ◦ -), CMFI (- � -), CMIM (- � -).
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FIGURE 7. Impulse responses of variables to 1% Home money-
supply growth ψ increase: FB (- ◦ -), CMFI (- � -), CMIM (- � -).
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FIGURE 8. Impulse responses of variables to 1% Home money-
supply growth ψ increase: FB (- ◦ -), CMFI (- � -), CMIM (- � -).
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FIGURE 9. Impulse responses of variables to 1% Home money-
supply growth ψ increase: FB (- ◦ -), CMFI (- � -), CMIM (- � -).
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