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Abstract

This thesis examines a dynamic model of one-sided matching with imperfect

information. Agents seek to match with partners with high endowments, since

there are complementarities in production. Individuals may choose to make a

discrete, binary investment in order to signal type to the market. Matching

is positive assortative on the basis of signals. However, the discrete nature of

the signal means that there are frictions, and matching is not perfectly positive

assortative. These frictions introduce an incentive for agents to rematch after

observing their partner’s type.

It is shown that, for certain values of parameters, separating equilibria exist,

in which only some agents purchase the signal. Further, in all cases, at least

some agents rematch in equilibrium. These results are compared to a second-

best welfare maximizing social planner’s problem. It is found that the level of

signalling in equilibrium is socially excessive.
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1 Introduction

There are many contexts in which individuals try to attract well-endowed partners in

order to improve individual outcomes. In games with perfect information, this results

in perfectly positively assortative matching, where the best-ranked individual is paired

with the second-best ranked partner, the third with the fourth, and so on. This result

is welfare maximizing, as well as sustainable in equilibria with rational agents.

In contrast, this paper focuses on situations where rankings are not publically

known. In the absence of perfect information which allows individuals to rank each

other, it is necessary for individuals to rely on representations that others make about

themselves; representations which are unverifiable and thus inherently untrustworthy.

To overcome this problem, people may invest in signals, which are costly, externally

purchased goods whose primary purpose is to indicate an individual’s type to the mar-

ket.

In these situations, the cost of signals may undermine the social and private benefits

of positive assortative matching. Attractiveness is determined solely by the ranking of

one’s signal. Thus, agents may engage in a positional arms race, continually purchasing

additional signals with the aim of improving ranking, but the result of ‘keeping up with

the Joneses’.

History shows that many examples of such behaviour. Psychology literature, for

instance, has found that men engage in ‘conspicuous consumption’ - copious spending on

goods with little value to the man - in order to attract ‘higher class’ women (Griskevicius

et al., 2007). In the USA, students who wish to gain entry to fraternities or sororities

subject themselves to humiliating and often painful experiences in order to signal their

enthusiasm for the organization, while the fraternities and sororities throw lavish and

wasteful parties in order to attract the best students (Nuwer, 1999).

Several models have been developed to explain this behaviour, primarily involving

static games of two-sided matching (Hoppe et al. (2009), Damiano and Li (2007)),
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where the underlying characteristics of individuals are continuously distributed, and an

infinite number of signals are available (Bidner (2010b), Peters and Siow (2002)). This

literature is explored in detail in Section 2.

Given the assumption of a continuous distribution of signals, it has been found that

matching on the basis of signals can replicate perfectly positive assortative matching

on the basis of underlying characteristics. Furthermore, if there is a continuum of both

signals and types and new agents do not enter, a dynamic game gives the same results

as a static game in equilibrium (Bidner, 2010b).

However, there are a plethora of situations in which there is a continuous distribution

of heterogeneous agents, but only a finite and discrete number of signals. Should this

occur, perfect positive assortative matching is necessarily impossible, since there are

not enough signals to allow individuals to totally differentiate themselves. This has not

been explored in the literature, and is the primary focus of this paper.

The primary contribution of this thesis is a model of matching with pre-match

investment and the option to rematch, where there is a discrete number of signals.

This achieves two purposes. Firstly, it is not rare that, in the real world, the number of

types exceeds the number of signals available. Secondly, this model finds rematching or

endogenous match dissolution in equilibrium. This is not possible in models of perfect

positive assortative matching. Yet it seems to occur regularly in real life; indeed, in

fields such as labour relations, the ability to undo partnerships may be a pre-requisite

for matches to be formed in the first place.

To achieve this, this paper presents a dynamic model of one-sided matching with

imperfect information. Specifically, the model is framed in the context of educational

attainment. This example is chosen because it has been explored in detail in the

literature, and lends itself well to the model. However, the model could be used in other

settings. Some examples include subscription-based online dating services (per Damiano

and Li (2007)), participation in hazing rituals to gain entrance to fraternities (Nuwer,
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1999), and attending expensive entrepreneurial or professional functions. Adapting

any one of these examples would change the implications of the model, but not its

qualitative results.

Section 3 presents a model with a continuous uniform distribution of agents. Agents

privately observe their own rank, and then decide whether or not to purchase a discrete

pre-match signal. The signal has two benefits. Firstly, purchasing the signal makes an

individual more productive. Secondly, the investment serves as a signal of type, and

gives access to higher ability partners, which in turn leads to higher positive spillovers.

As in the literature1, a positive assortative framework is imposed, in the sense that

individuals are only matched with other agents who have the same signal as them.

Given that types are complements, it is known that positive assortative matching must

hold in equilibrium; see (Shimer and Smith, 2000).

After signals are realised, initial pairwise matches are made. While agents with

different signals do not match, matching within each signal pool is random. This

mechanism is described as partially positive assortative matching. Given that only two

pools exist, there are substantial frictions in these matches, since it is highly likely that

an agent will not be matched with a partner who has the same type.2

Once matches are formed, agents can observe the underlying ability of their partner.

The frictions introduced by the binary signal imply that the initial pairwise matches

may result in some agents feeling that they could improve their output by finding

another partner. This could not occur without the existence of the frictions. Either

individual may choose unilaterally to dissolve a match, resulting in both partners being

forced to rematch in the second period. Two separate rematch pools exist, one for

agents who signalled, and another for those who did not. Each pool consists only of

individuals whose first period matches were terminated. Rematching is associated with
1For instance, Bidner (2010b), Peters and Siow (2002) and Hoppe et al. (2009)
2For example, the probability that the highest ability individual who signals is matched with the

second highest ability worker is equivalent to the probability that the highest ability individual is
matched to the lowest ability individual who signals.
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a cost of waiting until the second period to produce.

In Section 4, solutions are found by determining the indifferent consumer. For

a given function determining the productivity of the signal, it is found that interior

solutions exist for certain values of parameters, whereby some individuals signal and

others do not. Furthermore, contrary to previous results in the literature, this model

finds that there is rematching in at least one pool in equilibrium.

Section 5 compares equilibrium outcomes with the outcome of the second-best social

planner’s problem. It is found that there is socially excessive investment in signals in all

pure strategy equilibria. This is not immediately obvious given the existence of positive

spillovers as well as the productive nature of the signal. In the context of education, this

is equivalent to over-education in equilibrium. This result is well supported empirically,

with examples including Linsley (2005) in Australia, Godofsky et al. (2011) in the USA,

and Thompson and Bekhradnia (2010) in the UK.

The incentives of agents in response to changes in parameters are discussed in detail

in Section 6. Furthermore, an analogy is developed comparing signals in a discrete

model to insurance policies, where individuals insure their underlying productive capa-

bility against the possibility of an disadvantageous match by signalling.

Section 7 explores the potential effects on the model and equilibrium outcomes

of relaxing key assumptions. In general, results are found to be robust. Secion 7

also discusses some potential extensions. Finally, Section 8 concludes this paper, and

discusses some policy implications of the model in the context of education.

2 Literature Review

2.1 Empirical Evidence on Education

There is a large body of empirical literature concerned with estimating the returns to

education, in disciplines ranging from economics and finance to education. There seems
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to be an overwhelming consensus that, holding all else equal, higher levels of educa-

tion lead to higher wages. The first generation of studies examining this relationship

take the form of Mincerian wage equations. In its simplest form, the logarithm of (of-

ten hourly) wages are regressed on a set of socio-demographic characteristics, years of

schooling and years of experience using ordinary least squares. This formulation was

developed in Mincer (1974). This formulation continues to be used, and a vast array

of literature is available, perhaps most comprehensively summarized in Psacharopoulos

and Patrinos (2004), who finds literature around the world yielding statistically signif-

icant returns to one more year of schooling, ranging between 2.7% (Italy, 1987, from

Brunello et al. (1999)) and 28.8% (Jamaica, 1989, from Psacharopoulos (1994)). Over

all, Psacharopoulos and Patrinos find a mean rate of return of 9.7% worldwide, and

7.5% in OECD countries based on this specification.

However, the basic Micerian model does not account for the effect of unobservable

characteristics, in particular, the underlying ability of an individual. This is important

since ability may be correlated with educational attainment and influence wages, leading

to an omitted variable bias. This bias may result in the return to education being over-

estimated. Several methods of overcoming this have been developed. One is using

IQ scores as a proxy for education; however, Griliches (1977) finds that “the implied

net bias [of excluding ability] is nil or negative”. It may be argued that this result is

attributable to IQ scores being a poor proxy for ability. More recently, several studies

(for instance, Miller et al. (1995) in Australia and Ashenfelter and Krueger (1994) in the

USA) have used data on fraternal and identical twins to control for underlying ability.

These find that, unlike in Griliches (1977), underlying ability is a significant determinant

of wages; however, Miller et al. (1995) still conclude that returns to education are

positive and significant.

While it may be concluded that education contributes to earnings in a statistically

and economically significant fashion, the Mincerian regressions are not able to distin-
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guish or explain the source of this return; whether the higher wages are a reward for

either perceived or actual increased productivity (as predicted by the human capital

model in Becker (1962)), or that higher education leads employers to believe that in-

dividuals have a higher underlying ability, which is rewarded with higher wages (as

in Spence (1973)). In order to test which theory is more instructive, dummies were

included in Mincerian regressions for each year of schooling. The rationale is that if the

signalling model were true, then there should be degree or ‘sheepskin’ effects. Evidence

of this is shown by significant peaks in the returns to education in years which are

associated with qualification attainment. This implies that the return to education is

attributable to attainment of credentials, rather than increased productivity. Layard

and Psacharopoulos (1974) attempt to do this by comparing rates of return to educa-

tion between drop-outs and those who gain credentials, and find no evidence of higher

returns to credentialed workers. This leads them to reject the presence of sheepskin

effects. However, Hungerford and Solon (1987) attribute Layard and Psacharopoulos’s

result to their use of an incomplete data set. Re-running the regression using disaggre-

gated data, Hungerford and Solon find statistically significant peaks at 8, 12, and 16

years of schooling, providing support for the signalling hypothesis in U.S. data. Jaeger

and Page (1996) question Hungerford and Solon’s assumption that these years of educa-

tion necessarily correspond to the attainment of credentials, and use an extended data

set which includes highest educational attainment as well as years of education. Using

this specification, Jaeger and Page find pronounced and statistically significant sheep-

skin effects in all levels of credentials. These empirical results support the approach

taken in the model presented in this paper, whereby education is taken to be productive,

but ‘sheepskin effects’ are also present, as manifested in the signalling motive.
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2.2 Theoretical Models of Education

The theoretical models of motives for education can be divided into two categories;

human capital models and signalling or screening models.

Loosely, human capital models can be described as a class of models in which the

main benefit of investing in education is that it leads to ‘learning’, which increases

productivity and thus wages. The human capital model was first formalized by Becker

(1962), who suggested that all forms of education, be it ‘on-the-job’ learning or formal

education, as well as underlying ability, contribute to one’s ‘human capital’: essentially,

each individual’s earnings potential or ability to produce. In the absence of exogenous

shocks, individuals invest in education in order to increase their human capital and

thus productivity. Under the assumption that wages are perfectly competitive (in the

sense that workers are paid their marginal product), Becker finds that real wages are

increasing in human capital investment.

Becker’s model captures the stylized fact that unemployment rates are lower amongst

educated individuals with high levels of human capital. Furthermore it predicts that

where there is an over-supply of highly educated workers, some will be forced to com-

pete for lower paying jobs which were previously held by individuals with lower human

capital. This will cause the real wages of high-skilled individuals to fall, providing less

incentive to invest in human capital. Thus, in equilibrium, Becker’s 1962 model does

not allow for over-education; rather, over-education may only exist when an economy

moves from one equilibrium to another. This is not supported by numerous empirical

findings (Linsley (2005) (Australia), Godofsky et al. (2011) (USA) and Thompson and

Bekhradnia (2010) (UK)), which have found that over-education appears to be both

pervasive and persistent in many developed countries, where an over-educated worker

is defined as an individual with ‘a formal education level...[that] exceeds that which is

required’ (Linsley, 2005). This implies that educational attainment in the economy is

socially excessive, since these qualifications are under-utilized (ibid).
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To account for this empirical regularity, Sicherman and Galor (1990) propose a

dynamic model of career mobility, in which education has two benefits. Firstly, as in

Becker (1962), investing in education improves human capital, increasing productivity

and thus wages. Secondly, a higher level of schooling improves any given worker’s

probability of being promoted. In this setting, the theory of career mobility finds

that rational lifetime-utility maximizing agents may choose to start their careers in

professions for which they are over-educated in order to gain on-the-job experience and

training. The motive for this is to increase future opportunities for career progression.

Thus, while each individual will expect to end their career being appropriately educated,

some level over-education is persistent in the economy at any given point in time, since

some workers will not be in their final job. However, Sicherman and Galor (1990) note

that the predictions of their model are similar to screening or signalling models, and

that at least part of their results may be explained by screening theory. While the

paper finds empirical support for the model’s predictions, they also “do not attempt

to provide a discriminating test between these theories [screening and career mobility]”

(ibid).

Importantly, however, the model of career mobility, as with the model of human cap-

ital, relies on the firm’s ability to accurately measure human capital. The assumption

that firms and workers operate in a state of perfect information is contentious. Anecdo-

tally, it seems more likely that individuals have private information which allows them

to more readily determine their individual productivity than firms can. While highly

productive individuals have an incentive to reveal this information truthfully, workers

who have lower endowments have an incentive to embellish their ability where possible.

From the firm’s perspective, if some information is private and not easily verifiable, the

firm will rationally assume that all representations made by applicants regarding this

information are false and over-stated. Hence the firm’s ability to accurately measure

human capital will deteriorate.
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One class of models which allow for this informational asymmetry is signalling/screening

models. These can be considered a subset of human capital models, in the sense that

some allow for education to increase productivity. However, in these models, the pri-

mary purpose of education is to distinguish between workers with different underlying

abilities, where ability is only privately observable. The main difference between sig-

nalling models are distinct from screening models is order of play. In screening models,

firms choose the minimum education level a worker must have in order to be allowed

into the firm. Workers observe this requirement, and then decide how much education

to invest in. In signalling models, the opposite occurs; workers invest in education, and

then firms decide whom to hire.

The signalling model of education was proposed in Spence (1973), who examined a

world with imperfect information, in which the marginal cost of education is decreasing

in ability. In this model, employers use educational attainment as a means of determin-

ing each indvidual’s professional placement and wage accordingly. Spence finds that,

even when education is completely unproductive, rational individuals may choose to

educate as a means of signalling their type to employers. Where equilibrium is defined

as a “set of self-confirming conditional probabilistic beliefs” (ibid, pp. 362), Spence

confirms that multiple equilibria are possible, and, in at least some, there may be over-

education. This is best demonstrated where there is unproductive education. In this

case, workers may invest in education, despite it not contributing to their productivity.

The equilibria in which over-education is pervasive will arise where the costs of educa-

tion are too low, or if either side of the market holds posterior beliefs that the level of

educational attainment is high. The signalling model appears to more closely match

the empirical regularities discussed in Subsection 2.1, as well as having more tenable

assumptions. As such, it is used as the basis for the model described in Section 3.

One of the main criticisms of this approach, however, is the assumption that firms

commit to wages. In Spence’s model, offered wages are based entirely on credentials;
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while firms will learn an individual’s true productivity ‘some time’ after hiring, this

will not affect the wage that they are offered, but only the employer’s expectations

about those who have signalled in the same manner. This implies that, despite gaining

access to once private information, firms will not adjust pay, and instead act as if that

information was not received. This assumption is difficult to support; recent evidence

suggests that over one quarter of U.S. workers were eligible for ‘bonuses based on

department or team performance’ in 2006 (Kruse et al., 2010).

2.3 Matching Models

While the theoretical models described in Section 2.2 are informative, all three rely on

the assumption that production is entirely separable and individual. More precisely,

each worker’s productivity depends only on their personal characteristics, and is not

affected by their firm or co-workers. However, there is empirical evidence that this is

not the case; even in industries which seem to have separable production. For instance,

Moretti (2002) finds that even in manufacturing, there is evidence that workers are

more productive when surrounded by highly skilled co-workers.

In a theoretical sense, these positive spillovers are best explained using matching

models. In processes of positive assortative matching, as in Becker (1973), individuals

are paired together, and utility is dependent on both personal and partner’s character-

istics. If each individual’s underlying ranking is fixed and exogenously given, then each

individual will seek to match with the most able person, since utility is increasing in

partner type. The most able individual has the same incentive, and, having the power

to pick his partner, will choose the most highly skilled. This process will continue until

each individual is matched with partner who has the same ability as him. In the context

of education, this would be equivalent to the most productive firm matching with the

most productive workers. This process will continue until the least productive firm is

matched with the least productive workers. This ends in a self perpetuating system, as

11



an iterative matching process will reinforce initial states on both sides of the market.

However, as in the human capital model (Becker, 1962), this model assumes that

worker type is perfectly observable to firms, and vice versa. As such, it is subject to

the same criticisms in this context. Further, Becker (1973) assumes that all personal

characteristics are exogenously given. While this assumption may hold in the context

of marriage markets, it is difficult to extend to labour markets, where the level of

education to invest in is, ex-ante, clearly subject to individual choice.

Hoppe et al. (2009) relax these assumptions in a two-sided matching model. In this

model, individuals with private information regarding their own type invest in costly,

but wasteful, signals as a means of attracting mates. They find that ‘sinking’ funds

into signals offsets the welfare benefits of positive assortative matching when compared

to random matching.

These criticisms are accounted for in Bidner (2010b), who considers a one-sided

model of credentialism with signalling. In Bidner’s model, individuals with private

information about their underlying ability invest in education as a means of signalling

their ability to potential co-workers. The purpose of this is to attract co-workers with

higher ability and thus improving individual productivity. Assuming that workers are

paid the marginal product of their labour, Bidner finds that, in both dynamic and

static games, there is perfect positive assortative matching in equilibrium, as in Becker

(1973). Further, Bidner shows that even where the signals are not entirely wasteful

(education is productive per Becker (1962)), there is socially excessive investment in

education in equilibrium.

Damiano and Li (2007) consider a similar question in the context of a revenue

maximizing online matchmaker. In their model, the matchmaker sets a menu of prices

which individuals must pay in order to gain entry into each dating pool. Within each

dating pool, matches are made in a random pairwise manner. Damiano and Li find that,

under certain conditions, the matchmaker will select prices such that individuals will
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sort themselves into pools which are positive assortative. Further, the matchmaker will

create a large enough number of pools that the matching process is perfectly positive

assortative.

Both Bidner (2010b) and Damiano and Li (2007) have been very instructive in

the construction of the model introduced in Section 3. However, both assume that a

continuous number of signals are available. In the context of education, it is difficult to

envision this, as generally educational decisions are associated with discrete categories.

Bidner (2010a) models a case with discrete and imperfectly observable educational

investment, and two discrete types of individuals; however, results focus largely on the

effects of the observation of the signal being noisy.

3 The Model

This model consists of two stages, in which there is a continuum of workers, indexed by

i ∈ [0, 1]. Each worker has some ability level θi, which is uniformly distributed between

0 and 1, i.e. θi ∈ [0, 1]∀i . Each worker observes their ability, and then decides whether

to make an investment in education, x, as in Bidner (2010b). Note that investment in

education is discrete; workers can either invest in education (x = 1) or not (x = 0) at

a cost of cxi. This investment produces a personal skill level of

s (x, θ) = θ · g (x) (3.1)

where g(x) is initially considered to be an increasing function, i.e. g′ (x) > 0. This

assumption on g (x) implies that education is productive. That is, a higher level of

education yields a greater skill level for an individual of any given ability, as per Becker

(1962).

Each worker then seeks to maximize their payoff, which is given by wi − cxi, where

wi denotes the wage. Workers are paid the value of their individual output, where
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individual output, Yi, is perfectly separably observable.

3.1 The Matching Stage

Once individuals have made their investments, each individual is matched to a co-

worker, with each pair of matched co-workers forming a partnership. The underlying

ability, θi, of any individual is unobservable to potential partners prior to matching.

Each worker’s investment in education, on the other hand, is perfectly globally observ-

able.

Matching is partially positive assortative. That is, matches are made on the basis

of educational attainment; individuals who have invested in education are only ever

matched with other workers who chose to invest, and vice versa. Intuitively, this is

because educated individuals will never accept a match with uneducated partners.

However, matches are not fully assortative, as the binary nature of education makes

it impossible to distinguish between workers of different abilities within the two broad

groups. As such, once each pool (educated and not educated) has been defined, there

is random pairwise matching within the two separate pools of workers, as in Damiano

and Li (2007). This is an important source of frictions within the model.

Once matches have been formed, skill levels are perfectly observable to workers

within a particular match. That is, once a partnership has been created, the individuals

in that partnership can observe their partner’s skill level as well as their own. Parties

external to the partnership are not able to observe the skill levels of individuals within

the partnership.

3.2 Rematch

Once each partner has observed the skill level of the other, workers can choose either

to produce immediately within their existing match, or dissolve the partnership and

rematch in the second period. The decision does not need to be unanimous; if any
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worker within a partnership decides to break away from the partnership, the entire

structure is dissolved. In this situation, even if one partner would prefer to stay in

the existing match, they are forced to rematch market, and must wait until the second

period to produce. If an individual rematches in the second period, subsequent output

must be discounted back, where 0 ≤ δ ≤ 1 is the discount rate embodying the cost

of rematching. If, in the first period, both partners are satisfied with their current

match, then the partnership remains as is and workers produce immediately. Where

this occurs, there is no discounting to output.

3.3 Production

Given an individual productivity of yi, each worker’s individual output is given by

Yi = yi (3.2)

For simplicity, effort is normalized to one; all individuals exert full effort in all cir-

cumstances. By assumption, individual productivity is affected by the skill of the

individual’s partner, and takes the form

yi = y (si, sj) ≡ sisj (3.3)

There are two direct and important implications of this functional form. The first

is that all workers in a partnership will have the same output, since equation 3.3 can

be denoted as yi = ∏N=2
i=1 si ∀i. It follows from this that the firm’s total output is

given by 2g (x) g (j) θiθj. Given that this thesis aims to determine equilibrium levels

of educational attainment and rematch decisions, it is assumed that the sharing rule is

fixed. That is, partners may not negotiate any output split other than the one specified.

Secondly, the multiplicative formulation gives rise to complementarities, where each

individual benefits indirectly from having a partner with a higher skill level. While
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an individual’s partner has no direct impact on that individual’s output, the partner

will affect the worker’s productivity. Given that increased productivity leads to higher

output and hence higher wages, it can be seen that there is a positive spillover effect,

or complementarity. Any given worker would benefit from being matched with an

individual with a higher skill level, since the same amount of effort will increase output

and thus wages.

3.4 Payoffs

As in Bidner (2010b), it is assumed that partners are paid the value of their own

output. Since workers create equal output by equation 3.3, it follows that each partner

gains 50% of the firm’s total production, and thus partners receive the same wage of

wi = wj = yi = yj = sisj. For simplicity, it is assumed that agents are risk neutral and

simply consider expected values.

If a match is stable and does not get dissolved during the decision stage, workers

produce immediately, and each worker receives a payoff of sisj − cxi.

If, on the other hand, the partnership is disbanded at the end of the first period,

then workers rematch in the second period, and their output is discounted.

In general terms, the payoff for any given individual from rematching is siδ [xis̄r + (1− xi) sr]−

cxi, where s̄r is the expected skill level of the rematch pool for educated individuals, sr

is the expected skill level of the rematch pool for uneducated individuals, and δ is the

discount rate, with δ ∈ [0, 1].

4 Analysis

In order to solve the model, it is necessary to determine how economically rational

workers will make decisions on whether to invest in education, and whether to rematch.

Solutions are arrived at by using the necessary approach of backwards induction.

16



I solve by finding the ‘indifferent consumer’ in each case. This approach is facilitated

by the continuous uniform distribution of type, as well as a single crossing property

equivalent, explained in more detail in Subsection 6.2.

4.1 The Matching Mechanism

For the purposes of this model, the matching mechanism is defined as partially positive

assortative matching. As outlined in section 2.1, the mechanism has two components.

Firstly, there is a signaling element, which separates those who buy a costly signal

by investing in education from those who do not. The signaling component is positive

assortative in the sense that individuals with higher abilities have more incentive to

invest in education than those with lower abilities. Hence, for certain costs of education,

only some individuals will choose to educate. Similarly to the single crossing property,

those who choose to educate will have higher abilities then those who do not. Thus, the

signaling element serves to seperate workers in a positive assortative manner into two

broad pools, with every individual in the educated pool having strictly higher ability

than any individual in the uneducated pool.

This process effectively creates two separate markets for potential partners. Matches

can only be formed between two people in the same pool with the same level of educa-

tional attainment; the probability of an individual in one group encountering a person

from the second group is zero. This is true in equilibrium in every stage of the game,

since the production function in equation 3.3 implies that types are complementary.

These complementarities in production satisfy the strict supermodularity conditions

set out in Shimer and Smith (2000), and as such, there must be positive assortative

matching in equilibrium.

Once each pool has been defined, the second component of the matching mechanism,

random pairwise matching, takes place within each group. This matching process is

strictly non-assortative. As an example, the probability that the most able educated
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worker is matched with the least able of all workers who invested in education is identical

to the likelihood that the most able worker is matched with the second most able worker.

If a first period pairwise random match is dissolved, both partners are forced in

to the rematch market. The signaling element requires that there are two separate

rematch pools: one for those who are educated, and one for those who are not. Again,

the markets are completely separate; all matches are made internally to the relevant

pool. Once the rematch pools are created, matching within these pools again takes the

form of random pairwise matching.

4.2 Rematch Decisions

A worker will choose to leave a partnership if the expected payoff from rematching and

producing in the second period is higher than the expected payoff from remaining in

the current partnership.

It follows that workers will choose to dissolve their first period match if they believe

that their output would be higher if they rematched and produced in the second period

than their output within their existing match. Mathematically,

Y current
i < δ · E

[
Y rematch
i

]
(4.1)

4.2.1 The Second Period Rematch Decision in the Educated Group

It is then necessary to ascertain under which conditions individuals would choose to

enter the rematch market in each pool. This decision is made after individuals have

decided on educational investments, first stage partially positive assortative matches

have been made, and skill levels have been observed within these matches.

Substituting the production function given by equation 3.3 into the firm dissolution
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decision rule given by equation 4.1, a match of two educated individuals will dissolve if

sisj < δsiE (s̄r) (4.2)

Where xi = xj = 1 (that is, both individuals are educated), and s̄r denotes the average

skill level of the educated rematch pool. Given the uniform distribution of ability, the

expected value of the rematch pool is computed as the average of the skill levels in that

pool:

E (sj 6=i|j ∈ Peduc) = s̄r (4.3)

Where Peduc is the set of educated individuals who are in the rematch pool in the second

period. Simplifying from equation 4.2, a match will dissolve if

sj < δE (s̄r) (4.4)

Note that this implies that the rematch decision is not symmetric for each individual

in a partnership. That is, the fact that one individual in a partnership would choose

to leave the match does not necessarily imply that the other partner would also prefer

to dissolve the existing match. Thus partners will not always agree on the decision of

whether or not to dissolve the partnership, necessitating the assumption that unanimity

is not a prerequisite for firm dissolution, and that the rematch decision can be unilateral.

Thus, for any individual in a partnership to be indifferent between staying in the

existing match and joining the rematch market, the output they receive from remaining

with their current partner must be no different to the output they expect to produce if

they rematch. This implies that equation 4.4 must be binding. Hence, define the initial

partner that would make any educated individual indifferent between remaining in the

existing match and rematching as

ŝ ≡ sj = δE (s̄r)
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Since all individuals in this group are educated, this can equally be parameterized

θ̂ ≡ δE
(
θ̄r
)

(4.5)

Where θ̄r denotes the average ability level of an educated individual who is in the

rematch pool in the second period.

It is then necessary to calculate the expectation of θ̄r. Let the ability level at which

an individual is indifferent between paying for an education and remaining uneducated

be θ∗. Thus any individual with θi > θ∗ would be educated. Then,

E
(
θ̄r
)

= αE
(
θi|θ∗ ≤ θi ≤ θ̂

)
+ (1− α)E

(
θi|1 ≥ θi ≥ θ̂

)

where α denotes the probability of encountering an educated individual who was in the

rejection region.

It can then be shown that

Lemma 1. θ̂ is given by

θ̂ =
−4 + θ∗ (2− δ) + δ +

√
(4− 2θ∗ − δ + δθ∗)2 − 4δ ((θ∗) 2 − θ∗ − 1) (δ − 2)

2 (δ − 2) (4.6)

Proof. See Appendix A.1.

Since it is known from equation 4.5 that θ̂ = δE
(
θ̄r
)
, the expected payoff to an

educated person i from rematching in the second period can be expressed as

E (Payoffi|x = 0, rematch) = (g (1))2 θi · θ̂ − c (4.7)

4.2.2 The Second Period Rematch Decision in the Uneducated Group

Substituting the production function given by equation 3.3 into the partnership disso-

lution decision rule given by equation 4.1, a match of two uneducated individuals will
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dissolve if

sisj < δsiE (sr) (4.8)

Where xi = xj = 0 (that is, both individuals are uneducated), and sr denotes the

average skill level of the uneducated rematch pool. This formulation is valid by virtue

of the uniform distribution of skill, which implies that the expected value of the rematch

pool is given by the average of the skill levels in that pool:

E (sj 6=i|j ∈ Puneduc) = sr (4.9)

Where Puneduc is the set of uneducated individuals who are in the rematch pool in the

second period. Simplifying from equation 4.8, a match will dissolve if

sj < δE (sr) (4.10)

As in the educated group, this implies that individuals in a partnership will not neces-

sarily agree on whether or not to rematch.

Thus, for any individual in a partnership to be indifferent between remaining in

the existing match and rematching, the output they receive from remaining with their

current partner must be no different to the output they expect to produce if they

rematch. This implies that equation 4.10 must be binding and hold as an equality.

Hence, define the initial partner that would make any uneducated individual indifferent

between remaining in the existing match and rematching as

s̃ ≡ sj = δE (sr)

Since all individuals in this group are uneducated, this can equally be parameterized

θ̃ ≡ δE (θr) (4.11)
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Where θr denotes the average ability level of an uneducated individual who is in the

rematch pool in the second period.

It is then necessary to calculate the expectation of θr. Given that the ability level

of a person who is indifferent between purchasing an education and not is denoted θ∗,

any individual with θi < θ∗ would be uneducated. Thus,

E (θr) = λE
(
θi|0 ≤ θi ≤ θ̃

)
+ (1− λ)E

(
θi|θ∗ ≥ θi ≥ θ̃

)

Where λ denotes the probability of encountering someone in the rematch pool who was

in the rejection region, with θ ≤ θ̃.

It can then be shown that

Lemma 2. θ̃ is given by

θ̃ =
θ∗
(
δ − 4 +

√
16− 16δ + 5δ2

)
2 (δ − 2) (4.12)

Proof. See Appendix A.2.

Thus the expected payoff for an uneducated person i who chooses to rematch in the

second period is given by

E (Payoffi|x = 0, rematch) = (g (0))2 θi · θ̃

since it is known that θ̃ = δE (θr) from equation 4.11.

Lemma 3. θ̂ > θ̃ ∀θ∗ ∈ [0, 1] , δ ∈ [0, 1] , g (1) ≥ g (0) ≥ 0.

Proof. See Appendix A.3.
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4.3 The First Period Education Decision

Next, the choice of whether or not to invest in education in period zero must be exam-

ined.

In order for an individual to make an investment in education, the expected payoff

from investing in education must exceed the expected payoff from not investing. Given

that investment in education is costly, individual i will invest in education if

E
(
Y invest
i

)
− c ≥ E

(
Y not
i

)

Hence for an individual i with ability level θi = θ∗ to be indifferent between educating

and not educating,

E
(
Y invest
i|θi=θ∗

)
− c = E

(
Y not
i|θi=θ∗

)
(4.13)

First consider the expected payoff from investing in education. It can be proven that

θ∗ ≤ θ̂ ∀δ ∈ [0, 1]. Hence, the individual with ability θ∗ will always be forced into the

rematch market if they choose to invest in education. Thus, the expected payoff from

educating for individual i with ability θi = θ∗ is given by equation 4.7.

For indifference, this must be equal to the payoff from not educating. The payoff

from not educating will depend on whether, in the random component of the match,

individual i is matched with a partner in the rejection region, with θj < θ̃, or a partner

with θj > θ̃. The expected payoff is dependent on the probability of each of these

situations occurring,

E
(
Y not
i|θi=θ∗

)
= (g (0))2 θi

[(
θ̃

θ∗

)
δθr +

(
1− θ̃

θ∗

)
E
(
θj|θj ≥ θ̃

)]
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Using the uniform distribution of ability and the definition of θ̃ from equation 4.11,

E
(
Y not
i|θi=θ∗

)
= (g (0))2 θi

[
θ2
r

(
δ2

2θ∗

)
+ 1

2θ
∗
]

Substituting these into equation 4.13 yields an implicit solution for θ∗ as a function of

itself, θr, θ̄r, c and δ.

0 = 1
2 (g (0))2 (θ∗)2 − (g (1))2 θ∗δθ̄r + 1

2 (g (0))2 (δθr)2 + c

In order to minimize the number of parameters to be estimated, g (0) is standardized

to be equal to 1. This has the additional benefit of enabling analysis to be conducted

in terms of relative returns to education.

0 = 1
2 (θ∗)2 −

(
g (1)
g (0)

)2

θ∗δθ̄r + 1
2 (δθr)2 + c (4.14)

Where, by backwards induction, E (θr) is given by

E (θr) = 1
δ
θ̃

where θ̃ is defined by 2, and E
(
θ̄r
)
is given by

E
(
θ̄r
)

= 1
δ
θ̃

where θ̂ is defined by 1.

Implicit solutions do exist for θ∗, as equation 4.14 can be rewritten as a quartic

function of θ∗, g (x), c and δ.
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4.4 Existence

Lemma 4. Where g(1)
g(0) ≥ 1 and 0 < δ ≤ 1, there exists a θ∗ ∈ [0, 1], θ̂ ∈ [0, 1] and

θ̃ ∈ [0, 1].

Proof. Given that θ̃, θ∗ and θ̂ are continuous functions bounded in the range [0, 1],

under Brouwer’s fixed point theorem, there must exist at least one solution for each of

θ̃, θ∗ and θ̂ in the range [0, 1].

Proposition 1. For all g(1)
g(0) ≥ 1 and 0 < δ ≤ 1, there exists equilibrium values of θ̃, θ∗

and θ̂ such that 0 ≤ θ̃ ≤ θ∗ ≤ θ̂ ≤ 1.

Proof. From Lemma 3, θ̂ > θ̃. Further, by definition, θ̃ ≤ θ∗ and θ̂ ≥ θ∗. Thus, either

θ̃ < θ∗ ≤ θ̂ or θ̃ ≤ θ∗ < θ̂ in equilibrium. By Lemma 4, it must hold that θ̃ ≥ 0 and

θ̂ ≤ 1. Ergo, for all non-negative values of c, any monotonically increasing g (x), and

any δ ∈ (0, 1], it is proven that, in equilibrium, 0 ≤ θ̃ ≤ θ∗ ≤ θ̂ ≤ 1.

This proposition has three main impacts. Firstly, Proposition 1 implies existence of

solutions within the model. Note that this does not, in and of itself, imply existence

of separating equilibria, as it includes the cases where all individuals choose to educate

(θ∗ = 0) and no workers invest in education (θ∗ = 1). Finally, Proposition 1 leads to

Proposition 2.

Proposition 2. For all g(1)
g(0) ≥ 1, 0 < δ ≤ 1 and θ∗ ∈ [0, 1], there is firing in at least

one group in equilibrium.

Proof. First, consider whether there is rematching in the uneducated group. From

Proposition 1, it is known that 0 ≤ θ̃ ≤ θ∗. In the case where θ̃ = θ∗ 6= 0 , all

uneducated individuals will enter the rematch market. In the case where θ̃ = 0, no

uneducated individuals will be in the rematch market. Thus, for there to be at least

some uneducated individuals who rematch, it must hold that θ̃ > 0 . This is true ∀
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δ ∈ (0, 1] and θ∗ ∈ (0, 1]. Hence, there is firing in the uneducated group when 0 < δ ≤ 1

and θ∗ ∈ (0, 1].

Now consider the educated group. From Proposition 1, it is known that θ̂ ≤ 1.

Consider the boundary cases. Where θ̂ ≤ θ∗, no individuals in the educated group

will be forced into the rematch pool. If θ̂ = 1, then all educated individuals would be

forced to rematch in the second period. Ergo, for there to be at least some educated

individuals in the rematch pool in the second period, it must hold that θ̂ > θ∗. This

is true only for some δ ∈ (0, 1] and θ∗ ∈ (0, 1]; however, there are cases where this

holds. Thus there are circumstances in which there is firing in the educated group in

equilibrium.

4.4.1 Comparative Statics

Proposition 3. θ̃ and θ̂ are increasing in θ∗.

Proof. Take θ∗ as fixed in the second stage. This is possible since θ∗ is determined in

the first period, and thus is exogenous by the second period, when rematching decisions

are made. The first order derivative of θ̃ as given in equation 4.12 with respect to θ∗ is

given by

∂θ̃

∂θ∗
= −4 + δ +

√
16− 16δ + 5δ2

2(−2 + δ)

which is strictly positive and less than one for all δ ∈ [0, 1].

Similarly, the first order derivative of θ̂ as given in equation 4.6 is given by

∂θ̂

∂θ∗
= 4− 2θ∗ + δ − 3θ∗δ

2
√

(4 + θ∗(δ − 2)− δ)2 − 4δ
(
(θ∗)2 − θ∗ − 1

)
(−2 + δ)

which is strictly positive and less than one for all δ ∈ [0, 1] and θ∗ ∈ [0, 1].

From Proposition 3, it can be deduced that the proportion of workers who decide
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to educate themselves influences the rematch decision in both pools.

Examining the effect on the rematch decision in the educated pool, Proposition 3

shows that if less people invest in education, then educated workers will be less tolerant

of lower ability partners, and hence more likely to enter the rematch pool. Further,
∂θ̂
∂θ∗ < 1 ∀x, δ ∈ [0, 1], implying that θ̂ is fairly unresponsive to changes in θ∗ - a

decrease in the proportion of individuals investing in education will cause a decrease in

θ̂ of smaller magnitude.

Proposition 3 also implies that if fewer individuals choose to educate, uneducated

individuals will become less tolerant of very low ability workers, and be more likely

to enter the rematch market when faced with a fairly low ability first-period partner,

ceteris paribus. The derivative of θ̃ with respect to θ∗ is positive but less than one,

implying that θ̃ is not highly responsive to changes in θ∗, as a given increase in the

proportion of individuals who choose to educate will increase θ̃ by a lower amount,

ceteris paribus.

Conjecture 1. The number of individuals who choose to educate is decreasing in c but

increases in δ and g(1)
g(0) , ceteris paribus.

Proof. Due to θ∗ being a high order polynomial, first order conditions are problematic

and depend on values of parameters, as is shown in Appendix A.5. As such it is

necessary to rely on numerical simulation. See, for example, Figure 3.5.

4.5 Specializing the Model

Given that explicit solutions cannot be derived for θ∗, specific functional forms are as-

signed to returns to education, g (x), for ease of calculation and comparison to bench-

marks. The choice of form is somewhat arbitrary, as results can be numerically sim-

ulated for any given return function. As described in subsection 4.4.1, it is trivial to

extend these results to different specifications.
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Given that Spence (1973) is often criticised for assuming that education is entirely

unproductive, consider an illustrative example in which g (x) is strictly increasing, im-

plying that education is productive. This implies that, all else being equal, any given

individual’s skill will increase if they invest in education, analogous to the human capital

model proposed by Becker (1962).

Specifically, suppose that g (x) takes the form g (x) = 2x. It is then possible to make

several observations.

Proposition 4. For certain values of δ and c, there exists at least one separating

equilibrium in the productive education case, such that 0 < θ̃ < θ∗ < θ̂ < 1.

Proof. See Appendix A.4.

Proposition 4 gives the result that, for given values of parameters satisfying certain

conditions, some individuals will choose to educate, while others will not. Further,

where such an equilibrium exists, there will be rematching in at least one group in

equilibrium, from Proposition 2. This implies that not all individuals will stay with

their initial partially positive assortative matches. Instead, some workers will enter the

rematch market and wait until the second period to produce.

Table 1 was generated using a process of numerical simulation, and shows equilib-

rium levels of θ∗ for varying levels of δ and c, assuming that g (x) = 2x.
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Table 1: Two-Stage Equilibria with Productive Education
δ

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

c

0 0∗, 0.30 0∗, 0.87 0∗ 0∗ 0∗ 0∗ 0∗ 0∗ 0∗ 0∗
0.2 N N 0.66 0.37 0.27 0.22∗ 0.18∗ 0.15∗ 0.13∗ 0.11∗
0.4 N N N 0.71 0.50 0.39 0.32∗ 0.27∗ 0.24∗ 0.21∗
0.6 N N N N 0.70 0.54 0.45 0.38∗ 0.33∗ 0.29∗
0.8 N N N N 0.95 0.68 0.56 0.47∗ 0.41∗ 0.36∗
1.0 N N N N N 0.82 0.66 0.56 0.48∗ 0.43∗
1.2 N N 1 N N N 0.76 0.64 0.55∗ 0.49∗
1.4 N N 1 N N N 0.86 0.71 0.62∗ 0.55∗
1.6 N N 1 N N N 0.98 0.79 0.68∗ 0.60∗
1.8 N N 1 1 N N N 0.86 0.74 0.65∗
2.0 N N 1 1 N N N 0.94 0.79 0.70∗
2.2 N N 1 1 1 N N N 0.85 0.75∗
2.4 N N 1 1 1 1 N N 0.90 0.79∗
2.6 N N 1 1 1 1 1 N 0.96 0.84∗
2.8 N N 1 1 1 1 1 N N 0.88∗
3.0 N N 1 1 1 1 1 1 N 0.92∗
3.2 N N 1 1 1 1 1 1 1 0.96∗
3.4 N N 1 1 1 1 1 1 1 1.00∗
3.6 N N 1 1 1 1 1 1 1 1
3.8 N N 1 1 1 1 1 1 1 1
4.0 N N 1 1 1 1 1 1 1 1

Key:

N : Solutions of the θ∗polynomial are complex; pure strategy equilibria do not exist
: θ̂ > θ∗; there is rematching in the educated group in equilibrium

A graphical representation of solutions of θ∗ for given levels of the exogenous pa-

rameters is pictured in Figure 4.1.
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Figure 4.1: Two-Stage Equilibria with Productive Education

Figure 4.1 can be interpreted as follows.

The red lines depict iso-δ, and are marked off at intervals of 0.1. For instance, the

red line which is second from the left has δ = 0.2.

Blue lines depict iso-cost, and are marked off at intervals of 0.2.

Finally, the yellow lines show iso-θ∗, and are marked off at intervals of 0.1. As the

yellow lines move upwards on the graph, θ∗ increases, implying that a smaller proportion

of individuals choose to educate.

For further explanation of these movements, see Subsection 4.4.1.
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5 Benchmarks

It is appropriate at this point to compare the results in Subsection 4.5, when each

agent acts in their own best interest, to the social planner’s problem, where one “higher

power” instructs agents on how to act.

There are many ways to formulate a social planner’s problem. This paper assumes

that the social planner seeks to maximize total welfare; that is, maximize the sum of

payoffs from each individual.

It is generally known in the literature that the first-best outcome is complete posi-

tive assortative matching, as per Becker (1973). Bidner (2010b) shows that this result

extends to a model of positive assortative matching with costly educational signals.

However, in this model, perfect positive assortative matching is impossible due to indi-

vidual ability being private information, as well as the binary nature of education.

To allow for these model characteristics to take effect in the social planner’s decision,

consider a second-best problem. The social planner is informationally constrained and

thus cannot impose perfect positively assortative matching, which would otherwise be

optimal for the planner. The social planner may set θ∗, and force all individuals with

ability above θ∗ to invest in education, while precluding any worker with ability below

θ∗ from buying an educational signal. Once this cutoff has been set, the model behaves

as previously described. Partial positive assortative matches are made, and any partner

in a partnership may choose to dissolve the match, forcing both players into the rematch

pool. The social planner has no power over the exogenous parameters, δ and c.
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The social planner’s problem is then to maximize

max
θ∗

∫ θ̃

0

[
(g (0))2 θE (δθr)

]
dθ

+
∫ θ∗

θ̃

[
(g (0))2 θ

(
θ̃

θ∗
E (δθr) + θ∗ − θ̃

θ∗
E
(
θj|θ̃ < θj < θ∗

))]
dθ

+
∫ θ̂

θ∗

[
(g (1))2 θE

(
δθ̄r
)
− c

]
dθ (5.1)

+
∫ 1

θ̂

(g (1))2 θ

 θ̂ − θ∗
1− θ∗E

(
δθ̄r
)

+ 1− θ̂
1− θ∗E

(
θj|θ̂ < θj < 1

)− c
 dθ

Solving using Leibniz rule yields the social planner’s θ∗ as a function of itself and

the exogenous parameters - returns to education, the discount rate and the cost of

education.

Note that the social planner has two contradictory motives. The first of these

is an incentive to set θ∗ such that matching is as close to perfect positive assortative

matching as possible. That is, the social planner notes that society is better off the more

assortative matching is, due to the complementarities in production, and seeks to divide

workers accordingly. However, assuming that the squared returns to education outweigh

the costs of education, the social planner wants to ensure that as many individuals as

possible invest in education, in order to take advantage of the productivity gains.

A closed form solution is elusive. However, numerical simulation suggests

Conjecture 2. For certain values of parameters in the case where g (x) = 2x, there

exists at least one separating equilibrium in the productive education case, such that the

social planner selects 0 < θ∗ < 1.

See, for example, Figure 5.1.
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Figure 5.1: Solutions to the Social Planner’s Problem with Productive Education

The red lines depict iso-δ, and are marked off at intervals of 0.1. For instance, the

uppermost red line has δ = 0.9, while the lowest red line corresponds to δ = 0.7.

Blue lines depict iso-cost, and are marked off at intervals of 0.2. Note that these are

non-monotonic - for example, at a cost of 0.2 (the lowermost iso-cost curve), it can be

seen that the same levels of cost and δ yield two different equilibrium values for θ∗.

Finally, the yellow lines show iso-θ∗, and are marked off at intervals of 0.1. Yellow

lines closer to the left of the graph indicate higher levels of θ∗, implying that a smaller

proportion of individuals are allowed to educate.

Conjecture 3. Where the social planner’s problem is computable, over-education is

pervasive in the equilibrium non-cooperative game.

Proof. From numerical simulation. See Table 2.
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Table 2: Two-Stage Equilibria vs. Social Planner
δ

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

c

0 NS NS NS NS NS NS + + + +
0.2 N N NS NS NS NS NS + + +
0.4 N N N NS NS NS NS + + +
0.6 N N N N NS NS NS + + +
0.8 N N N N NS NS NS + + +
1.0 N N N N N NS NS NS + +
1.2 N N NS N N N NS NS + +
1.4 N N NS N N N NS NS + +
1.6 N N NS N N N NS NS + +
1.8 N N NS NS N N N NS + +
2.0 N N NS NS N N N NS NS +
2.2 N N NS NS NS N N N NS +
2.4 N N NS NS NS NS N N NS +
2.6 N N NS NS NS NS NS N NS +
2.8 N N NS NS NS NS NS N N +
3.0 N N NS NS NS NS NS NS N +
3.2 N N NS NS NS NS NS NS NS NS
3.4 N N NS NS NS NS NS NS NS NS
3.6 N N NS NS NS NS NS NS NS NS
3.8 N N NS NS NS NS NS NS NS NS
4.0 N N NS NS NS NS NS NS NS NS

Key:

+ : Over-educated in equilibrium
N : No pure strategy equilibria in the two stage game

NS : Pure strategy equilibria in the two stage game;
no pure strategy equilibria in the social planner’s problem

This result shows that over-education is pervasive in all pure strategy equilibria;

that is, a socially excessive number of individuals choose to educate. This may seem

counter-intuitive, as generally the existence of positive spillovers is associated with

under-investment. To explain this, it is necessary to consider the marginal return to

investing in education.

For any individual, investing in education has two benefits. Firstly, it improves
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individual productivity, where it is assumed that education is productive. Secondly,

the signal serves to improve the quality of matches. The marginal cost of education is

given by c; however, for low ability individuals, this cost may be higher, since they also

face an increased probability of being forced to rematch in the second period.

When considering whether to allow one more individual to educate, the social plan-

ner necessarily considers these individual benefits. However, one more worker choosing

to educate decreases expected payoffs in both pools; in the educated pool, the expected

value of the rematch pool decreases, while in the uneducated pool, there are less able

workers. Thus, despite the positive spillover, the private benefit from investing in edu-

cation for a marginal individual exceeds the social benefit, implying over-investment in

equilibrium.

This finding is supported in the empirical literature (for instance, Linsley (2005))

which finds pervasive over-education in equilibrium.

6 Discussion

6.1 Incentives in the Model

From the comparative statics section and Proposition 1, it is appropriate to analyze

how agents will behave in response to ex-ante changes in the exogenous parameters. To

this purpose, I examine the effects of varying the three exogenous parameters, c, δ and

g (x) on equilibrium levels of education, holding all else equal.

Firstly, considering the cost of education, c, it appears that the proportion of indi-

viduals who choose to educate themselves decreases as the cost of education increases,

ceteris paribus. This result is expected - the more costly education, the less incentive

there is to educate, as expected payoff from educating decreases. Hence the proportion

of people who educate should decrease. For sufficiently low levels of δ, there may exist

more than one equilibrium value for θ∗. However, where this occurs, a further rise in
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costs of education causes the value of θ∗ given by the stable equilibrium to increase.

Thus, all else being equal, an increase in the cost of investing in education causes the

proportion of individuals who choose to educate to fall.

As δ increases, the effective cost of waiting till the second period to produce de-

creases. Further, ceteris paribus, increases in δ cause θ∗ to fall. This can be explained

by remembering that θ∗ ≤ θ̂, and hence the lowest ability educated individual will

always be forced to rematch in the second period, receiving an expected payoff of(
g(1)
g(0)

)2
δθiθ̄r − c. This payoff is increasing in δ. Hence, the higher δ, the higher the

expected payoff to education, and the more incentive to educate. This causes the pro-

portion of individuals who choose to invest in education to increase.

Finally, it is found that, for any monotonically increasing g (x), θ∗ is decreasing in
g(1)
g(0) . This implies that, ceteris paribus, the number of individuals who choose to educate

themselves in equilibrium increases as the relative return to education increases. This

result is expected; if the return to educating rises by more than the return to not

educating, then the expected payoff from choosing to invest in education increases, all

else being equal. Ergo, investment becomes more attractive, and individuals who were

indifferent between educating and not now prefer to invest in education. The greater

the increase in the relative return to investing in education, the more substantial the

increase in individuals choosing to educate.

Now consider how these movements in θ∗ affect rematching in both the educated

and uneducated pools. From Proposition 3, it is clear that a decrease in the proportion

of individuals who choose to educate (an increase in θ∗) leads to:

1. Decreased tolerance of low ability workers in the educated pool, and

2. Decreased tolerance of low ability workers in the uneducated pool

The intuition for these results is as follows.

If θ∗ increases, then in the educated pool, the expected value of the educated rematch

pool must increase. A rise in θ∗ implies that a smaller proportion of the population
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chooses to educate. Supposing that the rejection rule remains the same, the lowest

ability educated individuals leaving the pool causes the expected ability of educated

individuals who are forced into the rematch pool to increase. Remembering that θ̂ =

δθ̄r, a rise in the expected value of the rematch pool must cause a rise in θ̂, since,

holding δ constant, a rising expected payoff from rematching decreases the incentive to

stay with low ability first period partners.

In the uneducated pool, a rise in θ∗ means an increase in the proportion of uned-

ucated workers who have relatively high ability. The probability that a person with

ability above the initial θ̃ is matched with an individual with θi < θ̃ increases. This, in

turn, means that the probability of encountering a worker with θi > θ̃ in the rematch

pool rises; notationally, λ is decreasing in θ∗. An increasing probability of encountering

relatively high ability individuals in the rematch pool increases the expected value of

the rematch pool. Since θ̃ = δθr, all else being equal, θ̃ must increase.

6.2 An Insurance Motive for Education

These comparative statistics show that investment in education in this model appears

to behave in the same way as an insurance policy, not by decreasing the risk of rematch,

but by increasing expected payoffs, even in the case of adverse circumstances. Instead

of “stretching a density around a common mean” (Sandmo, 1970), purchasing insurance

serves to shift the entire distribution, resulting in strictly higher expected output in all

cases. It does this by reducing the risk of being matched with an individual with a

lower ability.

In the case of perfect positive assortative matching with continuous investment in

education, there would be no insurance motive, as each worker could assure themselves

of being matched with a partner with the same ability level as themselves, as noted

by Bidner (2010b). However, with discrete investment, there is noise in the matching

mechanism, and workers face some positive probability of being matched with a partner
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with lower ability. At an extreme, if the individual with ability θ∗ chooses not to

educate, he can be certain that his partner will have a lower underlying ability level

then he does. On the other hand, choosing to educate would assure him of a more

highly skilled partner, thus ‘insuring’ his own wages.

While all of these explanations suggest that all individuals would benefit from in-

vesting in education, it is important to remember that the cost of education may be

prohibitive for some agents. Remembering the multiplicative formulation for individual

output, and thus wages, given in Subsection 3.4, it is clear that the expected payoff

from educating is increasing in θ, ceteris paribus. This is analogous to a single crossing

property; individuals with higher underlying ability will have a greater willingness to

pay for education. It follows that a rise in the cost of education would lead to a decrease

in the proportion of individuals who demand education.

This behaviour is not dissimilar to purchasing behaviour in insurance policies. As-

sume that the payout ratio is fixed, and individuals who purchase insurance do not

intentionally damage their assets. Then, for a fixed cost of insurance, individuals with

higher value assets would be more likely to insure, since their expected marginal benefit

is higher. This is equivalent to the single crossing property, where the underlying asset

that workers are insuring is their earnings potential. An increase in c is equivalent to

an increase in the marginal cost of insurance; necessarily, fewer people will be willing

to insure.

The second potential cost of educating is δ, the effective cost of rematching. Note

that this is a potential cost in both the educated and uneducated pools. However, for

the marginal worker θ∗, this cost is necessarily incurred if he chooses to educate (from

Subsection 4.3), but only incurred with some probability if he does not. Hence δ is

influential in the choice of whether or not to educate. From equation 4.7, it can be seen

that the payoff from educating is increasing in δ. This is intuitive; for an individual

who is certain to be forced to wait until the second period to produce, a lower cost of
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waiting must improve utility.

In the context of insurance, δ may be interpreted as the payout ratio. Alternatively,

1−δ can be seen as the deductible. In the case that individual productivity is sufficiently

low, that is, the outcome of nature is sufficiently bad, the ‘insurance policy’ pays out;

however, the full value of the match or productive capability is not realized. Instead,

this is discounted by δ. It follows that if the payout ratio is high, then there is more

incentive to insure, since the expected marginal benefit is higher, ceteris paribus.

7 Robustness

This section examines the validity of the assumptions underlying the model set out

in Sections 3 and 4, and considers the robustness of the model to changes in these

assumptions.

7.1 Unproductive Education

The specialized model discussed in Subsection 4.5 assumes that education is produc-

tive, as well as serving as a signalling mechanism. This is supported by empirical

evidence. For instance, Jaeger and Page (1996) find statistically significant effects on

wages of extra years of education (suggesting education itself is productive) as well as

a large ‘sheepskin’ effect, as explained in Subsection 2.1, supporting the hypothesis of

credentialism.

However, as discussed in Subsection 4.5, it is simple to extend the analysis to a

case of completely unproductive education (as in Spence (1973)) for the purposes of

comparison.

To this end, a secondary analysis has been conducted assuming g (x) = 1x. In the

interest of brevity, only key differences will be discussed. General results are the same;

for positive but not excessive costs of education, there exist separating equilibria such
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that only some workers choose to educate in equilibrium. Where this occurs, there is

rematching in at least one group in equilibrium, in accordance with Proposition 2. A

graphical representation is provided in Figure B.1 in Appendix B. Further, depend-

ing on the values of the exogenous parameters, it is found that, as in the productive

education case, over–education is pervasive in equilibrium.

The most distinctive difference between the productive and unproductive education

case is the level of costs which can be sustained such that a separating equilibrium exists.

Where education is unproductive, the only motive for investing is the opportunity to

match with higher ability partners; necessarily there is no productivity gain. As such, all

else being equal, the same cost of education will yield a lower proportion of individuals

choosing to educate where g (x) = 1x. Generally, lower levels of costs are sustainable

in order for at least one individual to choose to educate.

Similarly, where education is unproductive, the social planner only considers the

matching motive for education. Hence, the social planner’s second best problem in this

case leads the social planner to require a smaller proportion of the population to invest

in education, with all other exogenous parameters being fixed.

7.2 Formulation of Spillovers

The model explained in Section 3 assumes that individual production takes the form

yi = sisj. The multiplicative formulation allows for complementarities in production,

a concept generally supported in the personnel economics literature. For example,

Neilson (2007) states that “...members of the team can produce more when they work

together than they can when they work individually” (pp. 143). However, this specific

formulation implies that an individual’s own skill level has the same influence over their

production as their partner’s skill level.

Although this is feasible, it is also possible that there are circumstances whereby

one’s own skill level has more of an impact on individual production than one’s partner.
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A more general formulation may be developed to account for this. For instance, this

criticism could be accounted for by letting yi = sφi s
ψ
j , with φ ≥ ψ to account for

the increased importance of one’s own skill level and, for the purposes of comparison,

restricting φ+ψ = 2, so that yi = (g (x))2 θφi θ
ψ
j , which nests the case considered in this

model. This could be developed as an extension in further research.

7.3 Number of Stages

7.3.1 One Stage Game

It is instructive to compare these results to similar models in the literature, such as

Bidner (2010a) and Bidner (2010b), which focus on a one stage game without a rematch

option. Adapting a one stage game to the model discussed in this thesis yields a special

case, with a discrete choice of educational attainment and continuous uniform ability.

Each worker is randomly matched with a partner with the same level of educational

attainment as themself. However, unlike in the two stage game, these matches are final

and cannot be dissolved. Workers must produce within their first match. Again, it is

found that for certain levels of costs, there exists a separating equilibrium such that

some, but not all, workers choose to educate themselves.

It is found that the relationship between the level of equilibrium educational attain-

ment in the one stage game compared to the two stage game is dependent on δ. For low

costs of rematching (δ is high), a greater proportion choose to educate in the two stage

game, all else being equal. Similarly, for high costs of rematching where δ is low, the

introduction of the second stage causes less individuals to invest in education. These

findings are true regardless of whether education is formulated as being productive or

unproductive.

Intuitively, this result may be due to the lack of potential for recourse in the one

stage game.

In the two stage game, if an educated individual has an adverse match in the first
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period, individuals have the potential to recover some of that unrealized earnings po-

tential by rematching in the second round where δ is high. This makes the education

more attractive. However, if δ is low, the penalty from being forced into the rematch

pool is severe. Individuals with lower abilities are more likely to be forced into the re-

match pool, and as such the high penalty will make the expected payoff from investing

in education decrease.

On the other hand, in the one stage game, δ is by definition irrelevant, as initial

matches are final. High ability individuals have no chance to recover their earnings

potential, causing the value of investing in education for these individuals to fall. At

the same time, lower ability workers cannot be fired if they choose to educate, causing

the benefit from educating for these workers to rise. Hence, the net result depends on

which effect is dominant; the loss to the high ability workers, or the gain to the low

ability workers.

7.3.2 Three or More Stages

If more stages were introduced into the game, it is hypothesised that final matches

would be more assortative on type. Simply, introducing more stages gives agents more

opportunities to ‘test’ random matches, with the expected value of the rematch pool

in both educated and non educated groups getting lower every period. Extrapolating,

this suggests that an infinitely repeated game would yield perfect positively assortative

matching for sufficiently high levels of δ. This hypothesis could be tested as an extension

in further research.

7.4 Further Categories of Education

Up until now, it has been assumed that the educational decision is both discrete and

binary; agents decide either to invest in education or not. However, one can perceive

extensions whereby there are more than two categories. The educated pool, for instance,
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could be broken into smaller decisions. For instance, individuals could choose to invest

in a technical college or tertiary education. The education decision could be divided

even further into credential types, whereby individuals choose whether to attain a

diploma, bachelors degree, masters degree or doctorate, for increasing levels of cost.

The question remains as to whether the results obtained in this model are robust to

three or more categories of education.

The methodology used to solve the problem in this situation would be the same, and

it is predicted that, as in the binary case, for certain values of parameters, there will

exist separating equilibria. The main difference which would arise lies in the rematch

decision. The larger the size of each pool of equally credentialed individuals, the more

‘noise’ there is in the random pairwise intra-pool match; that is, it is less likely that

an individual will be matched with a worker who has the same underlying ability as

their own. The more credentials that are introduced into the model, the smaller the

proportion of individuals who invest in each credential. This causes each pool to be

smaller, making initial matches more assortative, and rematching less necessary. Taken

to a logical extreme, an infinite number of credentials allows education to be continuous,

which gives the result from Bidner (2010b) that there is perfect positive assortative

matching, and no rematching in equilibrium. Thus it is the frictions arising due to the

discontinuous nature of signalling that drives agents to rematch.

8 Conclusion

I have presented a matching model informed in part by Bidner (2010b), where indi-

viduals invest in costly but productive signals in order to gain access to higher ability

partners and the associated positive spillovers. However, unlike in Bidner, I focus on

a two stage model where only one signal is available, matching the real-world observa-

tion that credentials are generally discrete. This introduces frictions into the matching
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process. To accommodate this, I allow individuals to rematch in the dynamic model.

In this setting, I find that in most cases, only some individuals will choose to pur-

chase the signal, and that there will be rematching in equilibrium, contradicting Bidner’s

findings of no rematching in a dynamic game. This captures the real-world phenomenon

where initial matches are not always stable; workers do not always stay with their first

job, and partners often divorce and re-marry others. Further, I find that the proportion

of individuals who choose to signal is decreasing in the cost of signal, but increasing

with patience. These results are robust to a case where signalling is completely un-

productive. I note that investment in signals operates in much the same manner as a

hypothetical insurance policy for productive capacity.

Comparing equilibrium to a social planner’s problem, I find that signalling is socially

excessive in pure strategy equilibria. This matches empirical findings of pervasive and

persistent over-education in developed countries. Nevertheless, I find that even in

the case of completely unproductive signals, the social planner will still prefer some

individuals to invest, implying that the separating function of the signal is valuable.

Specifically, in this thesis, the model is cast in terms of education, where individuals

seeking business partners purchase educational credentials as a means of signalling un-

derlying ability. This example is used primarily because it lends itself well to the model;

individuals invest in discrete credentials, such as degrees, in the hope of improving both

productivity and employment opportunities.

Further, it has important practical implications. Many individuals invest time,

effort and money in to gaining formal educational qualifications. The desire to educate

seems to be not only consistent but rising; around the world, it can generally be seen

that an increasing proportion of the population is investing in higher education, and

the level of credentials attained by those who do invest is rising. At least one of the

motives workers have for doing so is the expectation of reward through higher wages,

an expectation which is well supported by the empirical literature. It is important,
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however, to understand what is driving these motives, and the sources of the return to

education.

The existing literature gives two prevailing, but contradictory, explanations. The

first is that education increases productivity, and employers reward it accordingly. The

second is that education is unproductive, and its purpose is to signal the worker’s

unobserved type to firms. The reality seems likely to be a mixture between the two

models; education is productive, but also used to signal unobserved ability. The model

presented accounts for this by allowing for education to be productive, while still having

a signalling effect. Further, it considers complementarities in production, a possibility

which is largely ignored in the dominant theories.

As in real life, the model shows that some proportion of individuals will choose to

educate, and this decision will depend on the relative returns to education, the costs of

education and the cost of rematching. Further, the finding of rematching in equilibrium

is well supported in labour markets, capturing the real-world phenomenon of frictional

unemployment. Socially excessive signalling corresponds to socially excessive levels of

education. This matches empirical findings of pervasive and persistent over-education

in developed countries, where educational attainments are under-utilized.

The finding of equilibrium over-education has an important policy implication. It

suggests that a welfare-maximizing government should intervene in educational markets

by setting cutoffs below which individuals are not allowed to educate. While it may

be difficult to ascertain underlying ability in order to achieve this, proxies may be

used. This suggestion provides support for the practice in many developed countries of

setting minimum entry requirements into higher education institutions. For instance,

in Australia, universities require students to have a certain ATAR (Australian Tertiary

Admissions Rank) in order to be accepted. Below this mark, entry is not permitted,

even to individuals who are willing to pay additional money in order to be accepted.

45



9 Bibliography

Ashenfelter, O. and Krueger, A. B. (1994). Estimates of the economic returns to

schooling from a new sample of twins. American Economic Review, 84(5):1157–73.

Becker, G. S. (1962). Investment in human capital: A theoretical analysis. Journal of

Political Economy, 70:9.

Becker, G. S. (1973). A theory of marriage: Part i. Journal of Political Economy,

81(4):813–846.

Bidner, C. (2010a). Pre-match investment with frictions. Games and Economic Behav-

ior, 68(1):23–34.

Bidner, C. (2010b). A spillover based theory of credentialism. Discussion Papers 2010-

10, School of Economics, The University of New South Wales.

Brunello, G., Comi, S., and Lucifora, C. (1999). Returns to Human Capital in Europe:

A Literature Review, chapter Returns to education in Italy: a review of the applied

literature. ETLA, The Research Institute of the Finnish Economy.

Bulow, J. I. and Levin, J. (2003). Matching and price competition. Research Papers

1818, Stanford University, Graduate School of Business.

Damiano, E., Hao, L., and Suen, W. (2005). Unravelling of dynamic sorting. Review

of Economic Studies, 72(4):1057–1076.

Damiano, E. and Li, H. (2007). Price discrimination and efficient matching. Economic

Theory, 30(2):243–263.

Escriche, L., Olcina, G., and Sánchez, R. (2002). Education and job com-

petition in a signalling game. Technical report, University of Valencia,

http://centros.uv.es/web/departamentos/D10/data/investigacion/PDF178.pdf.

46



Godofsky, J., Zukin, C., and Horn, C. V. (2011). Unfulfilled ex-

pectations: Recent college graduates struggle in a troubled econ-

omy. Technical report, Rutgers - The State University of New Jersey,

http://www.heldrich.rutgers.edu/sites/default/files/content/Work_Trends_May_2011.pdf.

Griliches, Z. (1977). Estimating the returns to schooling: Some econometric problems.

Econometrica, 45(1):1–22.

Griskevicius, V., Tybur, J. M., Sundie, J. M., Cialdini, R. B., Miller, G. F., and Kenrick,

D. T. (2007). Blatant benevolence and conspicuous consumption: When romantic

motives elicit strategic costly signals. Journal of Personality and Social Psychology,

93(1):85–102.

Hoppe, H. C., Moldovanu, B., and Sela, A. (2009). The theory of assortative matching

based on costly signals. Review of Economic Studies, 76(1):253–281.

Hungerford, T. and Solon, G. (1987). Sheepskin effects in the returns to education.

The Review of Economics and Statistics, 69(1):175–77.

Jaeger, D. A. and Page, M. E. (1996). Degrees matter: New evidence on sheepskin ef-

fects in the returns to education. The Review of Economics and Statistics, 78(4):733–

40.

Kruse, D. L., Blasi, J. R., and Park, R. (2010). Shared capitalism in the us econ-

omy: Prevalence, characteristics, and employee views of financial participation in

enterprises. In Shared Capitalism at Work: Employee Ownership, Profit and Gain

Sharing, and Broad-based Stock Options, NBER Chapters, pages 41–75. National

Bureau of Economic Research, Inc.

Layard, R. and Psacharopoulos, G. (1974). The screening hypothesis and the returns

to education. Journal of Political Economy, 82(5):985–98.

47



Lazear, E. P. (1998). Personnel Economics for Managers. Wiley.

Linsley, I. (2005). Causes of overeducation in the australian labour market. Australian

Journal of Labour Economics, 8(2):121–143.

Miller, P., Mulvey, C., and Martin, N. (1995). What do twins studies reveal about

the economic returns to education? a comparison of australian and u.s. findings.

American Economic Review, 85:586–599.

Mincer, J. A. (1974). Schooling, Experience, and Earnings. National Bureau of Eco-

nomic Research, Inc.

Moretti, E. (2002). Human capital spillovers in manufacturing: Evidence from plant-

level production functions. NBER Working Papers 9316, National Bureau of Eco-

nomic Research, Inc.

Neilson, W. S. (2007). Personnel Economics. Pearson Prentice Hall.

Nuwer, H. (1999). Wrongs of passage: fraternities, sororities, hazing, and binge drink-

ing. Indiana University Press, Bloomington.

Peters, M. (2007a). Non-cooperative foundations of hedonic equilibrium. Micro Theory

Working Papers peters-07-12-10-02-47-06, Microeconomics.ca Website.

Peters, M. (2007b). The pre-marital investment game. Journal of Economic Theory,

137(1):186–213.

Peters, M. and Siow, A. (2002). Competing premarital investments. Journal of Political

Economy, 110(3):592–608.

Psacharopoulos, G. (1994). Returns to investment in education: A global update. World

Development, 22(9):1325–1343.

48



Psacharopoulos, G. and Patrinos, H. A. (2004). Returns to investment in education: a

further update. Education Economics, 12(2):111–134.

Sandmo, A. (1970). The effect of uncertainty on saving decisions. Review of Economic

Studies, 37:353–360.

Shimer, R. and Smith, L. (2000). Assortative matching and search. Econometrica,

68(2):343–370.

Sicherman, N. and Galor, O. (1990). A theory of career mobility. Journal of Political

Economy, 98(1):169–92.

Spence, A. M. (1973). Job market signaling. The Quarterly Journal of Economics,

87(3):355–74.

Tampieri, A. (2011). Over-education, assortative matching

and social welfare. Technical report, University of Bologna,

http://www2.dse.unibo.it/alessandro.tampieri/OvereducationWelfare.pdf.

Thompson, J. and Bekhradnia, B. (2010). Male and female participation and progres-

sion in higher education: further analysis. Technical report, Higher Education Policy

Institute, http://www.hepi.ac.uk/files/48

Tignol, J. P. and Blyth, T. S. (1988). Galois’ theory of algebraic equations. Wiley, New

York.

49



Appendix A Proofs

A.1 Derivation of θ̂

This proof refers to the supposition in subsection 4.2.1 that

θ̂ =
−4 + θ∗ (2− δ) + δ +

√
(4− 2θ∗ − δ + δθ∗)2 − 4δ ((θ∗) 2 − θ∗ − 1) (δ − 2)

2 (δ − 2)

Suppose α denotes the probability of encountering an educated individual in the

rematch pool who was in the rejection region, with θ ≤ θ̂. Using equation 4.5 and the

uniform distribution of ability, these expectations can be calculated,

E
(
θ̄r
)

= α

(
δθ̄r + θ∗

2

)
+ (1− α)

(
1 + δθ̄r

2

)
(A.1)

Further, α can be determined as the proportion of those in the rematch pool who have

ability levels below θ̂. Note that there will be some individuals in the rematch pool

who have ability levels above θ̂, as, due to the random component of matching, some

high ability individuals may be matched with individuals in the rejection region, and

prefer to rematch in the second period then stay with their existing match. Hence,

α = θ̂ − θ∗

θ̂ − θ∗ +
(
θ̂−θ∗

1−θ∗

) (
1− θ̂

) (A.2)

Solving equations A.1 and A.2 simultaneously, E
(
θ̄r
)
can be expressed as a quadratic

function of itself and θ∗. In the second period, θ∗ is given. Thus it is possible to define

the two solutions for E
(
θ̄r
)
as a function of θ∗,

E
(
θ̄r
)

=
−4 + θ∗ (2− δ) + δ ±

√
(4− 2θ∗ − δ + δθ∗)2 − 4δ ((θ∗) 2 − θ∗ − 1) (δ − 2)

2δ (δ − 2)
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Now, by definition, it must hold that 1 ≥ E
(
θ̄r
)
≥ θ∗ , as those in the educated rematch

pool must be educated, and thus have abilities above θ∗. This inequality only holds

∃δ, θ∗ ∈ [0, 1] for one solution, given by

E
(
θ̄r
)

=
−4 + θ∗ (2− δ) + δ +

√
(4− 2θ∗ − δ + δθ∗)2 − 4δ (θ∗2 − θ∗ − 1) (δ − 2)

2δ (δ − 2) (A.3)

Thus, θ̂ can be calculated as

θ̂ =
−4 + θ∗ (2− δ) + δ +

√
(4− 2θ∗ − δ + δθ∗)2 − 4δ ((θ∗) 2 − θ∗ − 1) (δ − 2)

2 (δ − 2)

A.2 Derivation of θ̃

Using equation 4.11 and the uniform distribution of ability, these expectations can be

calculated,

E (θr) = λ

(
δθr
2

)
+ (1− λ)

(
θ∗ + δθr

2

)
(A.4)

Further, λ can be calculated, noting that it is defined as the proportion of those in the

rematch pool who have ability levels below θ̃. Note that there will be some individuals

in the rematch pool who have ability levels above θ̃ due to the partially random nature

of matching; as such, λ is not necessarily 1. The expected value of λ is given by

λ = θ̃

θ̃ + θ̃
θ∗

(
θ∗ − θ̃

) (A.5)

Substituting equation A.5 into equation A.4 and using the definition of θ̃ given in

equation 4.11 yields a function which is quadratic in θr and dependent on θ∗. In the

second period, θ∗ is given, and as such it is possible to solve θr as a function of θ∗

E (θr) = −4θ∗ + θ∗δ ± θ∗
√

16− 16δ + 5δ2

2δ (δ − 2)
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Given the partial positive assortative matching which takes place in the first period,

it must hold that all uneducated workers have ability levels (θi|x = 0) ≤ θ∗. Thus the

expected ability level of uneducated workers in the rematch pool in the second period

cannot exceed θ∗ for any δ, θ∗ ∈ [0, 1]. This constraint is only satisfied ∀δ, θ∗ ∈ [0, 1] for

one of the two possible solutions, given by

E (θr) = −4θ∗ + θ∗δ + θ∗
√

16− 16δ + 5δ2

2δ (δ − 2) (A.6)

Using the definition of θ̃ from equation 4.11, θ̃ is then given by

θ̃ =
θ∗
(
δ − 4 +

√
16− 16δ + 5δ2

)
2 (δ − 2)
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A.3 Proof that θ̂ ≥ θ̃

Using the solutions for θ̂ and θ̃ from Appendices A.1 and A.2,

θ∗ (2− δ) + δ − 4 +
√

(4− 2θ∗ − δ + δθ∗)2 − 4δ ((θ∗) 2 − θ∗ − 1) (δ − 2)
2 (δ − 2) ≷

θ∗
(
δ − 4 +

√
16− 16δ + 5δ2

)
2 (δ − 2)

θ∗
√

16− 16δ + 5δ2 −
√

(4− 2θ∗ − δ + δθ∗)2 − 4δ ((θ∗) 2 − θ∗ − 1) (δ − 2) ≷ 6θ∗ + δ − 4− 2θ∗δ

It can be shown that

θ∗
√

16− 16δ + 5δ2−
√

(4− 2θ∗ − δ + δθ∗)2 − 4δ ((θ∗) 2 − θ∗ − 1) (δ − 2) > 6θ∗+δ−4−

2θ∗δ for all δ ∈ [0, 1] and θ∗ ∈ [0, 1].

Ergo, it must hold that θ̂ > θ̃. Further, using the definitions of θ̂ and θ̃, this implies

that

δθ̄r > δθr

θ̄r > θr
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A.4 Proof of Proposition 4

Once it has been imposed that g (x) = 2x, equation 4.14 can be rewritten

0 = 1
2 (θ∗)2 − 4θ∗θ̂ + 1

2 θ̃
2 + c

Substituting in θ̂ and θ̃ from equations 4.6 and 4.12 respectively,

0 = 1
2 (θ∗)2 − 4θ∗

−4 + 2θ∗ + δ − θ∗δ +
√

(4− 2θ∗ − δ + δθ∗)2 − 4
(
(θ∗)2 − θ∗ − 1

)
(δ2 − 2δ)

2 (δ − 2)

+1
2

θ∗
(
δ − 4 +

√
16− 16δ + 5δ2

)
2 (δ − 2)

2

+ c

Rearranging, θ∗ can be expressed as a quartic:

0 = A (θ∗)4 +B (θ∗)3 + C (θ∗)2 +Dθ∗ + E

Where

A = 148 + 22.875δ4 − 152δ3 + 370δ2 − 388δ + (1.625δ3 − 13δ2 + 33δ − 28)
√

16− 16δ + 5δ2

(δ − 2)4

B = 96− 21δ3 + (8δ − 16− δ2)
√

16− 16δ + 5δ2 + 104δ2 − 168δ
(δ − 2)3

C =
(32− 16δ)δ + c

(
28 + 6.5δ2 − 26δ + (0.5δ − 2)

√
16− 16δ + 5δ2

)
(δ − 2)2

D = −4c (δ − 4)
δ − 2

E = c2

Assuming A 6= 0 (which requires δ 6= 0.247692), and B 6= 0 (which requires δ 6=

0.451659), there exist four roots to this quartic equation. These have been derived by

solving the quartic using Ferrari’s method (see, for instance, Tignol and Blyth (1988)).
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Roots are at times complex; where this occurs, there is no pure strategy equilibrium.

Further, due to the layout of the model, only roots which give θ∗ ∈ [0, 1] are considered

as valid. Where more than one root arises, both are reported.

The solutions are lengthy, and as such, with a view to succinctness, are not included

in full in this thesis. However, the interested reader may contact the author for a full

characterization.
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A.5 Comparative Statics

First consider the derivative of θ∗ with respect to c, where θ∗ is given by the solution to

equation 4.14. Taking total differentials, remembering that θ̂ = f (θ∗, δ)and θ̃ = f (θ∗, δ)

d0
dc

= 1
2

[
2θ∗ · dθ

∗

dc
+ 2δθr ·

dθr
dθ∗
· dθ

∗

dc

]
+
(
g (1)
g (0)

)2 [
dθ∗

dc
δθ̄r + δθ∗ · dθ̄r

dθ∗
· dθ

∗

dc

]
+ 1

−1 = dθ∗

dc

θ∗
1−

(
g (1)
g (0)

)2

δ
dθ̄r
dθ∗

+ δ

θr · dθrdθ∗
−
(
g (1)
g (0)

)2

θ̄r


dθ∗

dc
= −1

θ∗
(

1−
(
g(1)
g(0)

)2
δ dθ̄r

dθ∗

)
+ δ

(
θr ·

dθr

dθ∗ −
(
g(1)
g(0)

)2
θ̄r

)

δ
(
θr ·

dθr

dθ∗ −
(
g(1)
g(0)

)2
θ̄r

)
must be negative. This is because it is known from Proposition

3 that 0 <
dθr

dθ∗ < 1. Thus, θr ·
(
dθr

dθ∗

)
< θr. Further, it is known that

(
g(1)
g(0)

)2
≥ 1.

Hence,
(
g(1)
g(0)

)2
θ̄r ≥ θ̄r. Finally, from Lemma 3, θ̄r > θr. Thus, δ

(
θr ·

dθr

dθ∗ −
(
g(1)
g(0)

)2
θ̄r

)
must be negative.

However, the sign of θ∗
(

1−
(
g(1)
g(0)

)2
δ dθ̄r

dθ∗

)
is dependent on the magnitudes of the

parameters. For a high
(
g(1)
g(0)

)2
or δ, this term will be negative; however, when the

opposite is true, it may be positive. The sign of the expression is thus inconclusive, and

will depend on the values of the parameters.

Next consider the derivative of θ∗ with respect to g(1)
g(0) . Note that the sign of this

will be equivalent to the sign of the derivative of θ∗ with respect to
(
g(1)
g(0)

)2
, given that

g(1)
g(0) is strictly positive. Thus for ease of calculation, it is possible to take the first order

derivative of θ∗ with respect to
(
g(1)
g(0)

)2
. For ease of notation and interpretation in this
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section, define g ≡
(
g(1)
g(0)

)2
.Then, taking total differentials,

d0
dg

= 1
22θ∗dθ

∗

dg
− θ∗δθ̄r − g

dθ∗

dg
δθ̄r − gδθ∗

dθ̄r
dθ∗
· dθ

∗

dg
+ 1

22δθr · δ ·
dθr
dθ∗
· dθ

∗

dg

θ∗δθ̄r = dθ∗

dg

[
θ∗ − gδθ̄r − gδθ∗

dθ̄r
dθ∗

+ δ2θr ·
dθr
dθ∗

]
dθ∗

dg
= θ∗δθ̄r

θ∗ − gδ
(
θ̄r + θ∗ dθ̄r

dθ∗

)
+ δ2θr ·

dθr

dθ∗

Again, this expression is difficult to sign. The numerator is positive, implying that for
dθ∗

dg
to be negative as expected, the denominator must be negative. This depends on

the magnitudes of the exogenous parameters g and δ.

Finally consider the derivative of θ∗ with respect to δ. Note that θ̄r and θr are both

directly influenced by δ.

d0
dδ

= 1
22θ∗dθ

∗

dδ
−
(
g (1)
g (0)

)2

θ∗θ̄r −
(
g (1)
g (0)

)2

δ
dθ∗

dδ
θ̄r −

(
g (1)
g (0)

)2

δθ∗
dθ̄r
dδ

+1
22δθr

(
θr + δ

dθr
dδ

)
(
g (1)
g (0)

)2

θ∗θ̄r = θ∗
dθ∗

dδ
−
(
g (1)
g (0)

)2

δ
dθ∗

dδ
θ̄r −

(
g (1)
g (0)

)2

δθ∗
dθ̄r
dδ

+ δθr

(
θr + δ

dθr
dδ

)
dθ∗

dδ

θ∗ − (g (1)
g (0)

)2

δθ̄r

 =
(
g (1)
g (0)

)2

θ∗θ̄r +
(
g (1)
g (0)

)2

δθ∗
dθ̄r
dδ
− δθr

(
θr + δ

dθr
dδ

)

dθ∗

dδ
=

(
g(1)
g(0)

)2
θ∗
(
θ̄r + δ dθ̄r

dδ

)
− δθr

(
θr + δ

dθr

dδ

)
θ∗ −

(
g(1)
g(0)

)2
δθ̄r

It is clear that the sign of this derivative is again reliant on the values of parameters.

Thus, in examining comparative statistics overall, it is necessary to consider numer-

ical simulation.
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Appendix B Figures

Figure B.1: Two-Stage Equilibria with Unproductive Education

The red lines depict iso-δ, and are marked off at intervals of 0.1. For instance, the

left-most red line has δ = 0.1, while the lowest red line corresponds to δ = 0.9.

Blue lines depict iso-cost, and are marked off at intervals of 0.1.

Finally, the yellow lines show iso-θ∗, and are marked off at intervals of 0.1. Yellow

lines closer to the top of the graph indicate higher levels of θ∗, implying that a smaller

proportion of individuals are allowed to educate.
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