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Abstract

This paper compares the credibility of collective punishment schemes and

individual punishment schemes in a common agency setting where incentives

are sustained through relational contracts. In particular, we investigate a

two-principal, single-agent model where the preferences of the principals may

not be aligned. We find that, when principals’ preferences are aligned, prin-

cipals can credibly promise to pay larger bonuses - and thus induce “larger”

actions from the agent - in an equilibrium where principals are threatened

with collective punishment. Further, when principals’ preferences are mis-

aligned, larger bonuses and actions can be sustained in an equilibrium where

principals are threatened with individual punishment. In the latter case, we

find that the equilibrium is not necessarily welfare maximising.

1



1 Introduction

An association fallacy or guilt by association refers to the idea that one can

be unjustly punished for a perpetrator’s misbehaviour, simply by being asso-

ciated with the perpetrator. This seems counter to our moral intuitions; we

typically expect someone to be punished for their own misbehaviour, rather

than the misbehaviour of others. This paper will explore the potential rea-

sons why guilt by association may arise in an economic context.

To motivate this idea, consider the typical interactions that take place be-

tween a child and her parents. Each parent may offer their child incentives

(e.g. pocket money, praise and endearment) in exchange for the child taking

certain actions.1 For example, a mother may incentivise her child to take

actions that increase performance in Mathematics and Athletics at school,

while the father may offer incentives for actions that improve performance

in English and Swimming.

We consider a model where two principals (parents) sequentially offer con-

tracts to a single agent (child). These contracts include the promise of a

bonus payment conditional on the agent taking particular actions. Since

bonus payments are unenforceable by law, each principal is tempted to re-

nege on the bonus payment; however, principals are disciplined by the threat

that reneging could lead to a termination of interactions in the future. We

denote the specific form that such a threat takes as a punishment scheme.

In the model presented in this paper, we distinguish between two types

of punishment schemes that the child may implement in the event that a

parent reneges on a promise they have made: bilateral (punishing both par-

ents collectively when a single parent reneges) and unilateral (punishing only

1Note that when parents’ preferences are distinct, they may attempt to incentivise the
child in different ways.
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the reneging parent). We may motivate the distinction between punishment

schemes as stemming from how the child views each parent’s behaviour:

whether such behaviour is individually motivated, or jointly motivated by

both parents. Ultimately, the child asks herself if only the reneging parent

is to blame, or rather, if the non-reneging parent is guilty by association.

The purpose of this paper is to determine when collective punishment is

more likely to be used than individual punishment, and vice versa. As a

first step to understanding this issue, in Section 4, we start by asking which

punishment scheme allows the principals to credibly promise larger bonuses

to the agent, thereby inducing the agent to take “larger”, more costly ac-

tions. We show that the key parameter determining the relative effectiveness

of punishment schemes in this context is the alignment between principals’

preferences. Specifically, we find that when parents’ preferences are similar,

the magnitude of actions that can be sustained in equilibrium is greater un-

der the threat of bilateral punishment. Conversely, when parents’ preferences

are dissimilar, we find that the magnitude of actions that can be sustained

in equilibrium is greater under the threat of unilateral punishment. The in-

tuition is that each punishment scheme has a distinct impact on the future

payoffs of each parent, which therefore affects a principal’s temptation to

renege on the promised bonus.

Having performed a comparative analysis of individual versus collective pun-

ishment schemes, in Section 6 of this paper, we study the equilibrium choice

of punishment schemes. Specifically, in each interaction between a principal

and the agent, we allow the principal to choose the punishment scheme that

will be enforced in the event that they renege on the promised bonus. We

may think of the principals’ ability to choose punishment schemes as arising

from their ability to frame the promise they are making in that period as

either an individual promise, or a joint promise from both parents. As we

3



might expect, we find that in equilibrium, parents choose the punishment

scheme that allows them to credibly promise a larger bonus to the agent.

This result seems consistent with casual empiricism. Intuitively, one might

expect that a child would bilaterally punish her parents if she believes their

preferences are similar.2 Alternatively, it is reasonable to expect that a child

would unilaterally punish parents she deems as preferentially dissimilar.3

In Section 8, we consider the welfare consequences of the equilibrium choice

of punishment scheme. We find that the punishment scheme that arises in

equilibrium is not always the welfare maximising punishment scheme. For

example, when principals’ preferences are completely misaligned, we show

that unilateral punishment may arise in equilibrium even though bilateral

punishment would maximise social welfare.

This paper offers a contribution to the literature through two avenues. First,

it represents a common agency problem outside of an organisational setting

that is applicable to all readers. Secondly, it is a necessary extension to the

already existent literature. There is a great variety of literature that studies

single principal-agent models with a unilateral punishment scheme. Exten-

sion to a common agency setting with the possibility of bilateral punishment

is therefore a natural step for progression in this field.

The remainder of this thesis will proceed as follows. Section 2 reviews the

existing literature on the common agency problem and relational incentive

contracting. Section 3 develops the context of this particular common agency

problem, including contract structure and timing of the game, with empha-

sis on the idea that contracts are non-simultaneously offered to the agent.

2We refer to similar preferences as aligned preferences.
3We refer to dissimilar preferences as misaligned preferences.
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In Section 4.1, we formally introduce the ideas of a bilateral and unilateral

punishment scheme. In Sections 4.2 and 4.3 we examine these punishment

schemes by focusing on a subset of possible continuation equilibria if they are

imposed. In Sections 4.4 to 4.7, we derive the bilateral and unilateral pun-

ishment equilibria of this model, and compare their equilibrium outcomes.

In particular, we show that the magnitude of actions sustainable in both

equilibria is dependent on the degree of alignment between each principal.

In Section 5, we show how the subset of equilibria we choose to focus on

in this model can be somewhat justified with a simple assumption. In Sec-

tion 6, we extend the model to endogenise the choice of punishment scheme

for the principals. In Section 7, we identify some limitations of the model.

Finally, in Section 8, we discuss the welfare implications of the equilibria

in this model. Section 9 concludes the thesis with a summary and possible

extensions for future work.
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2 Literature Review

This paper considers a common agency problem, which was introduced by

Bernheim and Whinston (1986). While they consider multiple principals si-

multaneously offering contracts to an agent, this paper considers a repeated

common agency problem where the agent is offered a contract by only one of

two principals selected at random in each period. Bernheim and Whinston

find that when principals simultaneously offer contracts, competing contracts

are constructed to remove each principal’s individual influence. This paper

alleviates that consequence through the introduction of random interactions.

Bergemann and Valimaki (2003) consider how incentive provision in a com-

mon agency setting is affected by repeated interactions. While Bergemann

and Valimaki (2003) are concerned with the dynamics of the common agency

and assume that formal contracts can be written, this paper focuses on the

use of repeated interactions to sustain cooperation. Hence, we assume that

actions and outcomes are not contractible so that incentives must be pro-

vided via relational contracts.

Therefore, this paper is also related to the vast literature on relational con-

tracting whereby incentive schemes are not contractible, and instead, con-

tracts have to be “self-enforcing” via repeated interactions. Early papers in

this vein include Bull (1987).

Macleod and Malcomson (1989) consider relational contracting between em-

ployers and employees in a competitive labour market, and show that involun-

tary employment may arise as a result of the need to provide efficiency wages

to the employee in order to sustain cooperation. Baker, Gibbons and Mur-

phy (1994) point out that in settings where formal contracting is imperfect,

it may be optimal to provide incentives through a combination of formal and

informal contracts. In particular, they show that formal and informal incen-

6



tives may either be complements or substitutes, depending on the economic

environment that the principal and the agent face. Levin (2003) analyses

a general framework for relational contracting between a single principal-

agent dyad. He shows how to derive the optimal relational contract under

very general conditions. Fuchs (2007) considers the case of subjective per-

formance measures in relational contracting, whereby the principal and the

agent may disagree on the interpretation of observed signals of output. He

shows that optimal contracts consist of termination contracts, whereby an

agent is either retained at a fixed wage or terminated after a sequence of

negative signals. While these papers consider various economic settings and

derive rich sets of implications regarding relational contracts, they typically

focus on a one-principal, one-agent setting. On the other hand, we are par-

ticularly interested in a common agency setting with one agent and multiple

principals.

While contracting literature is extensive in a single principal-agent context,

there are notable examples of multilateral relationships. For instance, Levin

(2002) investigates a multilateral relationship in an organisational setting,

where the firm acts as a principal and its entire workforce is comprised of

multiple agents. He considers the tradeoff between improved credibility from

multilateral contracting, versus increased flexibility of the employment re-

lationship under unilateral contracting. Kvaloy and Olsen (2009) also con-

sider relational contracts in a single-principal, multiple-agent setting. They

distinguish between joint performance evaluation, where team members are

rewarded for overall performance of the team, and relative performance eval-

uation, where team members are rewarded for performance relative to the

rest of the team. On the other hand, we allow for divergence in objectives

between principals, which introduces novel tradeoffs between unilateral and

multilateral punishment schemes. Therefore, the economic forces that govern

the behaviour of each player in the model are inherently different.
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Papers on collective punishment in repeated games include Greif, Milgrom

and Weingast (1994), and Ellison (1994). In these models cooperation amongst

large groups is sustained by collective punishment, similar to Levin (2002).

Greif, Milgrom and Weingast use the motivating example of a king enticing

foreign merchants to trade with his country, whereby collective punishment

is utilised to enforce promised payments. Ellison considers a repeated pris-

oner’s dilemma in a random-matching setting where players are unable to

recognise their opponent. He finds that cooperation is sustainable through

contagious punishment (collective punishment growing at an increasing rate).

This paper can be distinguished from existing collective punishment litera-

ture in the sense that we study punishment of multiple principals by a single

agent rather than punishment of group members by others in the group.

Furthermore, we analyse when collective punishment may not be optimal.

A relatively sparse body of experimental literature explores the idea of reci-

procity among economic agents (for example Dufwenberg and Kirchsteiger

(2004) and Falk and Fischbacher (2006)). In these papers, reciprocity refers

to the idea that people tend to act positively when treated kindly, and neg-

atively if treated unkindly. In deciding how to reciprocate, kind and unkind

behaviour is not only evaluated in terms of actions, but also in terms of in-

tentions. This bears some resemblance to our paper, where a principal may

be punished for exogenous characteristics. In these papers, agents’ utility

functions are defined so that they, in some sense, care about other players’

preferences. In our model, this is not the case, and instead exogenous char-

acteristics are useful in examining the sustainability of particular equilibria.
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3 Model

3.1 Setup

Consider a setting where an agent (A) takes observable actions which con-

sequently affect the utilities of two principals (PB and PC). The agent takes

actions in each time period t ∈ {0, 1, 2, ...} over an infinite horizon, with all

parties discounting future utility at a rate of δ ∈ (0, 1).

In each time period t, the agent takes two actions represented by a vec-

tor ~at = (a1t, a2t) ∈ R2, where actions come at a cost c(~at) = 1
2
||~at||2. In this

model, principals are characterised by preference parameters θB, θC ∈ [0, 2π),

which represent their preferences for the agent’s actions over R2. When the

agent takes actions ~at = (a1t, a2t), principals receive utility as follows:

ŨBt = a1t cos(θB) + a2t sin(θB)

ŨCt = a1t cos(θC) + a2t sin(θC)

This setup captures two key issues. First, unless θB = θC , principals have

divergent preferences in the sense that a given action may lead to different

utilities for each principal. Secondly, suppose θB 6= θC and that the agent

takes actions with some magnitude ||~at|| > 0, then these actions cannot max-

imise the utility to both principals in that period.

To illustrate this idea, consider the case where the agent takes actions with

some magnitude ||~at|| = α > 0. We now derive the choice of (a1t, a2t) that

maximises utility for each principal. From Figure 1 below, we see that the

agent chooses actions over the disk with radius α. For example, it may be the

case that the agent chooses actions represented by the coordinate point A′.

Using the trigonometric identity cos2 + sin2 = 1, we can see that principals

prefer actions taken on the same angle as their preference parameters.

9



That is, if for some t, (a1t, a2t) = (α cos(θB), α sin(θB)), we can see that:

ŨBt = α cos2(θB) + α sin2(θB) = α

which is the maximum possible utility for PB under the constraint

||~at|| = α.

Figure 1: Principal Preferences

Therefore, PB has greatest utility under the actions (a1t, a2t) = (α cos(θB), α sin(θB))

which is represented by coordinate point B′ in Figure 1. A similar argument

can be made for PC , who has greatest utility under the actions represented

by the coordinate point C ′.

10



In general, if ||~at|| = α, we can see that ŨBt and ŨCt must lie in the range

−α ≤ ŨBt, ŨCt ≤ α, irrelevant of the agent’s actions. A consequence of this

result is that when θB and θC differ significantly, there are actions ~at ∈ R2

that the agent can take that are very liked by one principal, and very disliked

by the other.

Since principals’ utility functions depend on either θB or θC , we can see

that principals’ preferences are typically different over the possible combi-

nations of a1 and a2, unless θB = θC . Hereafter, we let ∆ = cos(θB − θC),

where ∆ represents the degree of alignment between the two principals.4 The

degree of alignment plays a fundamental role in motivating the behaviour of

all players in this model.

Given that θB, θC ∈ [0, 2π), we say that preferences are perfectly aligned

when ∆ = 1 and preferences are perfectly misaligned when ∆ = −1. The

former can only occur when θB = θC , which would indicate that principals’

preferences over the set of possible actions are identical. On the other hand,

the latter can only occur when the angle between the two parameters is π.

4It is useful to note that due to the properties of the cosine function,
cos(θB − θC) = cos(θC − θB).
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3.1.1 Contracting

Although the actions of the agent affect the utility of both principals, the

agent interacts with only one principal in each period. Each principal is

equally likely to interact in every period. Specifically, nature selects either

PB or PC as the interacting principal with probability 1
2

at the beginning of

every period.

In each period t, after nature makes its selection, the interacting principal Pi,

i ∈ {B,C}, offers the agent an incentive contract of the form (µit, λit, ~at
i∗).

This consists of a fixed payment µit, a bonus payment λit and an action vec-

tor ~at
i∗. Should the agent reject this offer, she may seek her outside option

U0, where U0 remains constant over each period. We assume that U0 is non-

negative and sufficiently small to facilitate non-trivial results.

The fixed component µit is enforceable by law. That is, once the agent ac-

cepts the principal’s offer, the principal must pay µit regardless of the actions

taken by the agent. The bonus payment λit, on the other hand, is promised

conditional on the agent choosing the action vector ~at = ~at
i∗. Letting wit be

the sum of the fixed payment and the promised bonus payment, this can be

more formally described as:

wit =

 µit + λit if the agent chooses ~at = ~at
i∗

µit otherwise

The bonus λit is unenforceable by law in the sense that, even in the event

that ~at = ~at
i∗, the interacting principal may choose to renege on the promise.

12



3.1.2 Timing

The timing in each period t = 0, 1, 2... is as follows:

1. Nature selects either PB or PC as the interacting principal for the pe-

riod, each with probability 1
2
.

2. The interacting principal Pi offers the agent a partially enforceable

contract of the form

wit =

 µit + λit if the agent chooses ~at = ~at
i∗

µit otherwise

by selecting appropriate values (µit, λit, ~at
i∗).

3. The agent chooses to accept or reject this contract offer. If the agent

rejects the offer she will receive an outside option payoff of U0.

4. If the agent accepts the offer, she takes actions ~at = (a1t, a2t).

5. The interacting principal pays the agent µit. If the agent chooses ~at =

~at
i∗, the interacting principal may choose whether to pay the agent the

additional λit.

13



3.1.3 Utility Functions

The utility functions of both the principals and the agent depend on a num-

ber of factors including nature’s choice of principal, contract choice, actions

taken and if the promised bonus payment is reneged.

Let Pi, i ∈ {B,C}, be the interacting principal in time period t = τ . Suppose

Pi offers a contract (µiτ , λiτ , ~aτ
i∗) to the agent. Further, suppose that the

agent accepts this contract offer and that she chooses actions represented by

the vector ~aτ = (a1τ , a2τ ).

Then, for period t = τ ,

• Pi’s utility is Uiτ = a1τ cos(θi) + a2τ sin(θi)− µiτ − λContingentiτ

• P−i’s utility is U−iτ = a1τ cos(θ−i) + a2τ sin(θ−i)

• The agent’s utility is UAτ = µiτ + λContingentiτ − 1
2
|| ~aτ ||2

where λContingentiτ ∈ {0, λiτ}.

One might expect that, if the agent does not choose ~aτ = ~aτ
i∗, or if the

agent chooses ~aτ = ~aτ
i∗ and Pi reneges, then λContingentiτ will be 0. One might

also expect that if the agent chooses ~aτ = ~aτ
i∗ and Pi does not renege, then

λContingentiτ will be λiτ .

14



3.2 The First Best

Consider a social planner who seeks to maximise the total utility of all three

parties. The social planner will order the agent to take the total utility-

maximising actions in each period, regardless of what contracts have been

offered (or any reneging that has occurred) in the past. Thus, solving the

first best can thought of as a one period maximisation problem. That is,

~at
FB = (aFB1t , a

FB
2t ) = ~aFB = (aFB1 , aFB2 ) for all t. Note that the sum of total

utility remains the same irrespective of which principal is selected to interact

in each period. Therefore, we must find:

arg max
a1,a2

(UB + UC + UA) = arg max
a1,a2

(
a1 cos(θB) + a2 sin(θB) + a1 cos(θC)

+ a2 sin(θC)− 1

2
a2

1 −
1

2
a2

2

)
Solving:

∂(UB + UC + UA)

∂a1

= cos(θB) + cos(θC)− a1 = 0

∂(UB + UC + UA)

∂a2

= sin(θB) + sin(θC)− a2 = 0

yields aFB1t = cos(θB) + cos(θC) and aFB2t = sin(θB) + sin(θC) for all t. We

confirm this is a maximum by calculating the Hessian:

H(a1, a2) =

[
−1 0

0 −1

]

Since det(H(a1, a2)) = 1 and ∂2(UB+UC+UA)
∂2a1

= −1 < 0, we conclude that

~at
FB = (cos(θB) + cos(θC), sin(θB) + sin(θC)) is the first best. However,

given that principals cannot always commit to making the first best offer,

and further, that the three parties cannot efficiently bargain over the agent’s

actions, we find that the first best is not achievable in this model.
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3.3 A Second Benchmark

Given that interactions only occur between the agent and one of the principals

in each period, it is worthwhile investigating the case where a social planner

maximises the joint utility of the agent and the interacting principal in each

period t. Similar to the first best case, the social planner will order the agent

to take the total utility-maximising action in each period, regardless of what

contracts have been offered (or any reneging that has occurred) in the past.

Thus this second benchmark can too thought of as a one period maximisation

problem:

arg max
a1,a2

(UB + UA) = arg max
aA1 ,a

A
2

(
a1 cos(θB) + a2 sin(θB)− 1

2
(a1)2 − 1

2
(a2)2

)

when PB is the interacting principal and,

arg max
a1,a2

(UC + UA) = arg max
a1,a2

(
a1 cos(θC) + a2 sin(θC)− 1

2
(a1)2 − 1

2
(a2)2

)
when PC is the interacting principal.

After partially differentiating and solving equal to zero, we can see that

(aSB1 , aSB2 ) = (cos(θB), sin(θB)) when the agent interacts with PB and (aSB1 , aSB2 ) =

(cos(θC), sin(θC)) when the agent interacts with PC .

Note that in either case the Hessian is of the form:

H(a1, a2) =

[
−1 0

0 −1

]

Further, in either case det(H(a1, a2)) = 1 and ∂2(UB+UA)
∂2a1

= ∂2(UC+UA)
∂2a1

=

−1 < 0 confirming that this solution is a maximum.
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Figure 2: Graphical Representation of First Best and Second Benchmark

In Figure 2, the second benchmark actions for each principal are represented

by the vectors ~aSB(PB) and ~aSB(PC), while the first best actions are repre-

sented by the vector ~aFB. This second benchmark does in fact turn out to be

achievable, provided that principals are sufficiently patient (i.e. δ sufficiently

large).
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4 Equilibrium Analysis

In this section, we study the equilibria of the model. We will restrict atten-

tion to equilibria satisfying some interesting conditions.

4.1 Punishment Schemes

We now introduce two punishment schemes enforced by the agent that will

characterise the equilibria studied in this thesis.

1. Bilateral Punishment: Should either PB or PC renege on their

promised bonus payment (λBτ or λCτ ) in some period t = τ on the

equilibrium path, the agent will choose (a1t, a2t) = (0, 0) in any inter-

action with either principal in all periods t > τ . We say that both

PB and PC are being punished in the continuation equilibrium follow-

ing the reneging. We call an equilibrium with this feature a bilateral

punishment equilibrium.

2. Unilateral Punishment: Should either PB or PC renege on their

promised bonus payment (λBτ or λCτ ) in some period t = τ on the

equilibrium path, the agent will choose (a1t, a2t) = (0, 0) in any inter-

action with the reneging principal in all periods t > τ . We say that

the reneging principal is being punished in the continuation equilibrium

following the deviation, while the non-reneging principal still continues

to interact. We call an equilibrium with this feature a unilateral pun-

ishment equilibrium.

Further, should the remaining principal renege at some later point

t = τ ′ > τ , we assume the agent will choose actions (a1t, a2t) = (0, 0)

in any interaction with either principal in all periods t > τ ′.
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4.2 Stationary, Symmetric, Aligned and Maximal

Equilibria

For the remainder of this section, we focus on a subset of bilateral and unilat-

eral punishment equilibria. This subset is characterised by four assumptions,

which will be defined formally below. While the use of stationarity and sym-

metry is common in contracting literature, we justify the use of alignment

and maximality in the Section 5 of this paper.

Stationarity

If an equilibrium is stationary, then on the equilibrium path, players do

not vary their strategies over time. Therefore, we drop all time subscripts t

from any action or contract offer. Formally, in this context, strategy profiles

in a stationary equilibrium have the following form: on the equilibrium path

of any continuation equilibrium,

• PB offers the same wage contract (µB, λB,~a
B∗) in any interaction with

the agent for every t ∈ {0, 1, 2...}

• PC offers the same wage contract (µC , λC ,~a
C∗) in any interaction with

the agent for every t ∈ {0, 1, 2...}

• The agent responds to each principal’s offer in the same way (either

accepting or rejecting) for every t ∈ {0, 1, 2...}

• The agent chooses the same actions ~aB = (aB1 , a
B
2 ) in any interaction

with PB and the same actions ~aC = (aC1 , a
C
2 ) in any interaction with

PC for every t ∈ {0, 1, 2...}

Note that stationarity holds in any continuation equilibrium. This means

that following any deviation, the continuation equilibrium path is also sta-

tionary.
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Alignment and Symmetry

Suppose that Pi, i ∈ {B,C}, is the interacting principal in period t. We

assume incentives are aligned in the sense that, on the equilibrium path of

any continuation equilibrium, we focus on the case where Pi specifies actions

~ai∗ in their contract to the agent that are proportional to their preference pa-

rameter. In their contract to the agent, this means that Pi specifies actions

~ai∗ = (ai∗1 , a
i∗
2 ) =

(
ϕi cos(θi), ϕi sin(θi)

)
for some ϕi ∈ R+

0 .

Further, along the equilibrium path, we wish for fixed and bonus payments

to be symmetric in the sense that µB = µC = µ and λB = λC = λ, and

moreover, we wish that the magnitude of actions offered to the agent by each

principal to be symmetric in the sense that ||~aB∗|| = ||~aC∗|| = ϕ.5

Maximality

Suppose that Pi, i ∈ {B,C}, is the interacting principal in period t. Con-

sider a continuation equilibrium σ∗ which results in a stage payoff π∗it for Pi

in period t. Given a set Ω of continuation equilibria, we say that σ∗ is maxi-

mal within that set if there does not exist any other continuation equilibrium

σ′ ∈ Ω with associated payoff π′it such that:

π′it > π∗it

Although we will justify the use of maximality in the Section 5 of this paper, a

brief intuition is as follows. We later show that if the interacting principal has

the freedom to modify their incentive scheme without being punished by the

agent, then they will choose an incentive scheme that maximises their stage

payoff.6 Thus maximality is a characteristic that will arise in equilibrium.

5We denote the cost of such actions, c(ϕ) = 1
2ϕ

2, as γ. Thus ϕ =
√

2γ.
6That is, we later consider the case where a principal can only be punished for reneging.
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4.3 Post-Punishment Continuation Equilibria

In Section 4.1, we introduced two types of punishment schemes: a bilateral

punishment scheme and a unilateral punishment scheme. In this section,

we derive two types of continuation equilibria. The first continuation equi-

librium we derive is the case where both principals are being punished (for

example, after a bilateral punishment scheme is first imposed). The second

continuation equilibrium we derive is the case where only one principal is

being punished (for example, after a unilateral punishment scheme is first

imposed).

Assume that, in a continuation equilibrium, a principal Pi, i ∈ {B,C} that

is being punished by the agent will offer a null contract
(
i.e (µi, λi,~a

i∗) =

(0, 0,~0)
)

if they are indifferent between multiple contracts including the null

contract. With this in mind, the following Lemma holds.

Lemma 1: In the unique maximal, stationary, aligned continuation equi-

librium where both principals are being punished, the interacting principal

offers a null contract and the agent rejects the offer.

Proof: By definition, if both principals have reneged at t = τ ,7 then

(a1, a2) = (0, 0) in all periods t > τ .

Suppose that in any period t > τ , Pi , i ∈ {B,C}, is selected as the in-

teracting principal. Pi can offer a non-null contract of the form (µi, λi,~a
i∗)

or they may choose to offer a null contract.

7This could be from 1) a bilateral punishment scheme imposed or 2) a unilateral pun-
ishment scheme imposed after a principal reneges, and thereafter, a unilateral punishment
scheme imposed after the principal who did not renege initially, reneges in a later period.
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If Pi chooses to offer a non-null contract, Ui = −µi since (a1, a2) = (0, 0).

Pi strictly prefers offering a non-null contract to offering the null contract

if and only if µi < 0 (since offering a null contract yields 0 utility). If

µi < 0, then UA = µi < 0. Thus the agent will reject the offer and receive

the non-negative outside option, and using the indifference assumption, the

interacting principal will offer a null contract.

�

We now impose five further assumptions that apply for the remainder of the

paper. Suppose that Pi is selected as the interacting principal, and they offer

a contract (µi, λi,~a
i∗). Then in any equilibrium that we consider:

• The agent always attempts to maximise her stage payoff in each period

• If the agent is indifferent between choosing and not choosing ~ai = ~ai∗,

the agent will choose ~ai = ~ai∗

• If the agent is indifferent between accepting and rejecting the contract,

the agent will accept the contract

• Without loss of generality, Pi chooses whether to pay the bonus λi if

and only if the agent chooses ~ai = ~ai∗. Thus if ~ai 6= ~ai∗, Pi will not pay

the bonus λi

• If Pi is indifferent between paying the bonus λi and reneging, Pi will

pay the bonus λi

We now derive the unique (up to some payoff-irrelevant modifications) max-

imal, stationary, aligned continuation equilibrium where only one principal

is being punished.
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Lemma 2: There exists a unique (up to some payoff-irrelevant modifica-

tions) maximal, stationary, aligned continuation equilibrium where Pi, i ∈
{B,C}, is not being punished and P−i is being unilaterally punished. In this

equilibrium, when P−i is the interacting principal, P−i offers the null con-

tract, and the agent rejects the offer. Further, in any interaction with Pi, Pi

will offer a contract (U0, λ̃,~a
i∗) where:

• λ̃ = γ̃ ≡ min{γ̂, 1
2
} where γ̂ is the largest γi that satisfies:

γi ≤
δ

2(1− δ)

(√
2γi − γi − U0

)
(1)

• ~ai∗ = (ai∗1 , a
i∗
2 ) =

(√
2γ̃ cos(θi),

√
2γ̃ sin(θi)

)
and the agent will accept the offer and take actions ~ai = ~ai∗. Moreover, Pi

will pay the bonus λ̃.

Proof: First, we note that analogous reasoning to Lemma 1 can be used

to show that P−i offers the null contract and that the agent rejects the offer.

Note that by specification, the agent is playing according to a stationary

strategy and further, principals’ contracts are stationary and aligned.

The remainder of the proof will proceed as follows: First, we show that

the agent has no incentive to deviate to any other strategy. Second, we show

that Pi’s strategy is maximal out of the set of stationary and aligned equi-

libria, and thereafter, using maximality, we show that Pi will not deviate to

a different contract offer or renege on their bonus payment.

We now show that the agent will never deviate from the strategy described

in Lemma 2. If Pi offers (U0, λ̃,~a
i∗), and the agent accepts and chooses

(ai1, a
i
2) =

(√
2γ̃ cos(θi),

√
2γ̃ sin(θi)

)
, and Pi pays the bonus, then the agent’s
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stage payoff is given by:

UA = U0 + λ̃− 1

2
(ai1)2 − 1

2
(ai2)2

= U0 + λ̃− 1

2
(
√

2γ̃ cos(θi))
2 − 1

2
(
√

2γ̃ sin(θi))
2

= U0 + λ̃− γ̃

= U0

If the agent deviates and chooses some ~ai 6= ~ai∗, we use the assumptions

prior to Lemma 2 to see that Pi will not pay the bonus λ̃. Thus, in this

case, UA ≤ U0 with equality holding if and only if (ai1, a
i
2) = (0, 0) . Since

we assumed that the agent will choose ~ai = ~ai∗ when indifferent otherwise,

we conclude that the agent will not deviate after accepting the contract offer.

Further, even though the agent could receive U0 from the outside option,

we assumed if she was indifferent between accepting and rejecting the offer,

that she would accept. Thus we have shown that the agent will not deviate

from her strategy.

We now prove that (U0, λ̃,~a
i∗) is maximal amongst the set of stationary,

aligned equilibria by showing that there is no other stationary, aligned con-

tract where Pi would receive larger stage payoffs in equilibrium.

Let Pi be the interacting principal. Consider a stationary, aligned contract

offered in equilibrium by Pi of the form (µi, λi,~a
i∗) where, since ~ai∗ is aligned,

we know that ~ai∗ = (ai∗1 , a
i∗
2 ) =

(
ϕi cos(θi), ϕi sin(θi)

)
for some ϕi ∈ R+

0 . For

convenience of calculations that will later become evident, we let ϕi =
√

2γi

where γi ∈ R+
0 , so that ~ai∗ =

(√
2γi cos(θi),

√
2γi sin(θi)

)
. This is primarily

because ||~ai∗|| =
√

2γi which means that the cost of such actions would be

c(||~ai∗||) = γi. We now derive the maximal contract.
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We may assume without loss of generality, that in order to be a maximal

equilibrium, the agent must accept the offer and choose ~ai = ~ai∗, and further

Pi must not renege on λi.

Thus, the equilibrium stage payoff for the agent with this stationary, aligned

contract, can be calculated as follows:

UA = µi + λi −
1

2
||~ai||2

= µi + λi −
1

2
(
√

2γi)
2

= µi + λi − γi

With this in mind, the values of µi, λi and γi must guarantee acceptance of

the contract. Thus we have the agent’s participation constraint:

µi + λi − γi ≥ U0 (PCA)

Next, we must have that the benefit (λi) of choosing ~ai = ~ai∗ for the agent

must be at least as profitable as the cost (γi). If this was not the case, the

agent would prefer to choose the least costly actions ~ai = (0, 0). Thus we

have the agent’s incentive compatibility constraint:

λi ≥ γi (ICCA)

Further, the equilibrium stage payoff for Pi, the interacting principal, with a

contract of this form is:

Ui =
√

2γi cos(θi) cos(θi) +
√

2γi sin(θi) sin(θi)− λi − µi
=

√
2γi − λi − µi
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Finally, we must have that the principal does not prefer to renege in a max-

imal equilibrium. This means that the present value of not reneging must

be at least as large as the present value of reneging. We now derive this

condition.

If Pi pays the promised bonus payment λi in some t = τ , they will receive

a total expected discounted utility (TEU1
i ) from all interactions t > τ along

the equilibrium path as follows:

TEU1
i =

1

2

∞∑
t=1

δtUi

where Ui is the stage payoff for Pi on the equilibrium path, which is expected

with probability 1
2

in each period t > τ .

Now, Ui =
√

2γi − λi − µi. Therefore,

TEU1
i =

1

2

∞∑
t=1

δt
(√

2γi − λi − µi
)

=
δ

2(1− δ)

(√
2γi − λi − µi

)
If Pi reneges, they will not have to pay the bonus λi and, since both principals

will be punished, the game will proceed along the continuation path described

in Lemma 1 (i.e. giving Pi zero payoff in all future periods). Thus, Pi will

not renege if:

λi ≤ TEU1
i

We refer to this as the incentive compatibility constraint for Pi, and it can

be expressed as:

λi ≤
δ

2(1− δ)

(√
2γi − λi − µi

)
(ICCP)
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Therefore when solving for maximality, we maximise Ui subject to three

constraints. That is, we solve the following system of equations:

max
µi,λi,γi

[√
2γi − λi − µi

]
s.t

µi + λi − γi ≥ U0 (PCA)

λi ≥ γi (ICCA)

λi ≤
δ

2(1− δ)

(√
2γi − λi − µi

)
(ICCP)

The first step is to show that the PCA is binding. Suppose that the PCA

was not binding, that is, µi + λi − γi > U0. Then, we can see that Pi would

deviate by choosing some µ′i < µi such that µ′i+λi−γi > U0 still holds. This

is because the (ICCP) will still hold as the right-hand side is being increased,

and the stage payoff for Pi will be larger. Therefore, it must be the case that

µi + λi − γi = U0.

We now restate the maximisation problem, replacing µi + λi with γi + U0

where applicable:

max
µi,λi,γi

[√
2γi − γi − U0

]
s.t

µi + λi − γi = U0 (PCA)

λi ≥ γi (ICCA)

λi ≤
δ

2(1− δ)

(√
2γi − γi − U0

)
(ICCP)
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Now, let us focus on the choice of γi. We combine ICCA and ICCP to yield:

γi ≤
δ

2(1− δ)

(√
2γi − γi − U0

)
(2)

Note that the function h(γi) =
√

2γi − γi − U0 is an increasing function

for 0 < γi <
1
2

and that it achieves its maximum at γi = 1
2
. However,

γi = 1
2

may not satisfy (2). Let γ̂ be the largest γi that solves (2). Since

h(γi) =
√

2γi − γi −U0 is an increasing function for 0 < γi <
1
2
, we therefore

prove that the choice of γi that solves the maximisation problem is min{γ̂, 1
2
}.

We denote this value γ̃. Thus γ̃ ≡ min{γ̂, 1
2
}.

This shows that the maximal equilibrium stage payoff is:√
2γ̃ − γ̃ − U0

However, we still need to identify appropriate values µi and λi that satisfy

the updated PCA, ICCA and ICCP:

µi + λi − γ̃ = U0 (PCA)

λi ≥ γ̃ (ICCA)

λi ≤
δ

2(1− δ)

(√
2γ̃ − γ̃ − U0

)
(ICCP)

It is easy to check that µi = U0 and λi ≡ λ̃ = γ̃ satisfy these three equations.

The PCA and ICCA are clearly satisfied. When γ̃ = γ̂ ≤ 1
2
, the ICCP is

satisfied by definition. When γ̃ = 1
2
< γ̂, we may use the assumption that U0

is sufficiently small to show that γ̃ = 1
2

satisfies the ICCP. This proves that

the contract specified in the Proposition is maximal, stationary and aligned.

There is a set of more subtle candidates that satisfy the updated PCA,

ICCA and ICCP. Consider the case where γ̃ = 1
2
< γ̂. The contract
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µi = U0 − ε and λi = 1
2

+ ε satisfies the PCA, ICCA, and the ICCP for

all values 0 < ε ≤ γ̂ − 1
2
. This will still lead to the same stage payoff

√
2γ̃ − γ̃ − U0, which also implies it is maximal.8 We therefore say that

(U0, λ̃,~a
i∗) where ~ai∗ = (ai∗1 , a

i∗
2 ) =

(√
2γ̃ cos(θi),

√
2γ̃ sin(θi)

)
is the unique

(up to some payoff-irrelevant modifications) maximal contract out of the set

of stationary and aligned equilibria.

Since this is a maximal contract for Pi, by the definition of maximality, Pi

will not deviate to any other contract or renege on the bonus payment. Thus,

we say that (U0, λ̃,~a
i∗) where ~ai∗ = (ai∗1 , a

i∗
2 ) =

(√
2γ̃ cos(θi),

√
2γ̃ sin(θi)

)
is

the contract that Pi offers in the unique (up to some payoff-irrelevant mod-

ifications) maximal, stationary, aligned continuation equilibrium where only

one principal is being punished.

�

Lemma 1 and Lemma 2 can now be used to identify the continuation equilib-

rium if a bilateral or a unilateral punishment scheme is imposed. In the next

section, we observe how Lemma 1 can be used to construct the unique maxi-

mal, stationary, symmetric, aligned bilateral punishment equilibrium. In the

section after, we observe how Lemma 2 can be used to construct the unique

maximal, stationary, symmetric, aligned unilateral punishment equilibrium.

Note that in the unique equilibrium described in Lemma 2, we find that

the equilibrium choice of γi, which we denoted γ̃, affects both the magni-

tude of actions ||~ai|| =
√

2γ̃ and the bonus offered, λ̃ = γ̃. It is worthwhile

mentioning that we will denote the equilibrium choice of γi in the bilateral

punishment equilibrium as γ∗∗, and the equilibrium choice of γi in the unilat-

eral punishment equilibrium as γ∗. The values of γ∗∗ and γ∗ will be formally

defined in the following sections.

8Note that the contract µi = U0 − ε, λi = γ̃ + ε is not a maximal contract in the case
where γ̃ = γ̂ ≤ 1

2 , as the ICCP would be violated since γ̂ is the largest value satisfying it.
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4.4 Bilateral Punishment

When one principal reneges on their bonus payment, a bilateral punishment

scheme punishes both principals and parties play according to the contin-

uation equilibrium described in Lemma 1. The agent chooses the actions

(a1, a2) = (0, 0) in any future interaction with either principal. Intuitively, a

reneging principal would forgo the utility they would receive from any future

interaction with the agent as well as any utility they would receive from in-

teractions between the agent and non-reneging principal.

Proposition 1: There exists a unique (up to some payoff-irrelevant modifi-

cations) maximal, stationary, symmetric, aligned bilateral punishment equi-

librium. In this equilibrium, whenever Pi, i ∈ {B,C}, is the interacting

principal, they will offer a contract (U0, λ
∗∗,~ai∗) where:

• λ∗∗ = γ∗∗ ≡ min{γ′′, 1
2
} where γ′′ is the largest γ that satisfies:

γ ≤ δ

2(1− δ)

(√
2γ(1 + ∆)− γ − U0

)
(3)

• ~ai∗ = (ai∗1 , a
i∗
2 ) =

(√
2γ∗∗ cos(θi),

√
2γ∗∗ sin(θi)

)
and the agent will accept the offer and take actions ~ai = ~ai∗. Moreover, Pi

will pay the bonus λ∗∗.

Note that ∆ = cos(θB − θC) is the degree of alignment as defined in an

earlier section.

Proof: Note that by specification, the agent is playing according to a sta-

tionary strategy and further, principals’ contracts are stationary, symmetric

and aligned.
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The remainder of the proof will proceed as follows: First, we show that

the agent has no incentive to deviate to any other strategy. Second by simi-

lar logic to Lemma 2, we show that Pi’s strategy is maximal out of the set of

stationary, symmetric and aligned equilibria. Thereafter, using maximality,

we show that Pi will not deviate to a different contract offer or renege on

their bonus payment.

If Pi offers (U0, λ
∗∗,~ai∗), then by analogous reasoning to Lemma 2, we may

show that UA = U0. Identical logic shows that the agent will not deviate

from her strategy.

We now prove that (U0, λ
∗∗,~ai∗) is maximal amongst the set of stationary,

symmetric, aligned equilibria by showing that there is no other stationary,

symmetric, aligned contract where Pi would receive larger stage payoffs.

Let Pi be the interacting principal. Consider a stationary, symmetric, aligned

contract offered in equilibrium by Pi of the form (µ, λ,~ai∗) where, since ~ai∗ is

aligned we know that ~ai∗ = (ai∗1 , a
i∗
2 ) =

(
ϕ cos(θi), ϕ sin(θi)

)
for some ϕ ∈ R+

0 .

Again for convenience of calculations, we let ϕ =
√

2γ where γ ∈ R+
0 , so that

~ai∗ =
(√

2γ cos(θi),
√

2γ sin(θi)
)
. This is primarily because ||~ai∗|| =

√
2γ

which means that the cost of such actions would be c(||~ai∗||) = γ. Note that

due to symmetry, we need not include i subscripts for the values of µ, λ and

γ. We now derive the maximal contract.

We may assume without loss of generality, that in order to be a maximal

equilibrium, the agent must accept the offer and choose ~ai = ~ai∗, and further

Pi must not renege on λ.
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Further by analogous reasoning to Lemma 2 we have the agent’s participation

constraint (PCA) and the agent’s incentive compatibility constraint (ICCA):

µ+ λ− γ ≥ U0 (PCA)

λ ≥ γ (ICCA)

Now, the equilibrium stage payoff for Pi, the interacting principal, with a

contract of this form is:

Ui =
√

2γ cos(θi) cos(θi) +
√

2γ sin(θi) sin(θi)− λ− µ

=
√

2γ − λ− µ

Further, the equilibrium stage payoff for P−i, the non-interacting principal,

with a contract of this form is:

U−i =
√

2γ cos(θi) cos(θ−i) +
√

2γ sin(θi) sin(θ−i)

=
√

2γ cos(θi − θ−i)

=
√

2γ∆

Finally, we must have that the principal does not prefer to renege in a max-

imal equilibrium. This means that the present value of not reneging must

be at least as large as the present value of reneging. We now derive this

condition.

If Pi pays the promised bonus payment λ in some t = τ , they will receive a

total expected discounted utility (TEU1
i ) from all interactions t > τ along

the equilibrium path as follows:

TEU1
i =

1

2

∞∑
t=1

δtUi +
1

2

∞∑
t=1

δtU−i

32



Here Ui is the stage payoff for Pi on the equilibrium path, which is expected

with probability 1
2

in each period t > τ . In addition, U−i is the stage payoff

Pi receives when they are not the interacting principal on the equilibrium

path, which is also expected with probability 1
2

in each period t > τ .

Now, Ui =
√

2γ − λ− µ and U−i =
√

2γ. Therefore,

TEU1
i =

1

2

∞∑
t=1

δt
(√

2γ − λ− µ
)

+
1

2

∞∑
t=1

δt
√

2γ∆

=
δ

2(1− δ)

(√
2γ − λ− µ

)
+

δ

2(1− δ)
√

2γ∆

=
δ

2(1− δ)

(√
2γ(1 + ∆)− λ− µ

)
If Pi reneges, they will not have to pay the bonus λ and, since both principals

will be punished, the game will proceed along the continuation path described

in Lemma 1 (i.e. giving Pi zero payoff in all future periods). Thus, Pi will

not renege if:

λ ≤ TEU1
i

We refer to this as the incentive compatibility constraint for Pi, and it can

be expressed as:

λ ≤ δ

2(1− δ)

(√
2γ(1 + ∆)− λ− µ

)
(ICCP)
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Therefore when solving for maximality, we maximise Ui (the equilibrium

stage payoff) subject to three constraints. That is, we solve the following

system of equations:

max
µ,λ,γ

[√
2γ − λ− µ

]
s.t

µ+ λ− γ ≥ U0 (PCA)

λ ≥ γ (ICCA)

λ ≤ δ

2(1− δ)

(√
2γ(1 + ∆)− λ− µ

)
(ICCP)

The first step is to show that the PCA is binding, which can be seen with anal-

ogous reasoning to Lemma 2. Therefore, it must be the case that µ+λ−γ =

U0.

Again, we now restate the maximisation problem, replacing µ+λ with γ+U0

where applicable:

max
µ,λ,γ

[√
2γ − γ − U0

]
s.t

µ+ λ− γ = U0 (PCA)

λ ≥ γ (ICCA)

λ ≤ δ

2(1− δ)

(√
2γ(1 + ∆)− γ − U0

)
(ICCP)

Now, let us focus on the choice of γ. We combine ICCA and ICCP to yield:

γ ≤ δ

2(1− δ)

(√
2γ(1 + ∆)− γ − U0

)
(4)
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Note that the function h(γ) =
√

2γ − γ − U0 is an increasing function

for 0 < γ < 1
2

and that it achieves its maximum at γ = 1
2
. However,

γ = 1
2

may not satisfy (4). Let γ′′ be the largest γ that solves (4). Since

h(γ) =
√

2γ − γ − U0 is an increasing function for 0 < γ < 1
2
, we therefore

prove that the choice of γ that solves the maximisation problem is min{γ′′, 1
2
}.

We denote this value γ∗∗. Thus γ∗∗ ≡ min{λ′′, 1
2
}.

This shows that the maximal equilibrium stage payoff is:
√

2γ∗∗ − γ∗∗ − U0.

By analogous reasoning to Lemma 2, we still need to identify appropriate

values µ and λ that satisfy the updated PCA, ICCA and ICCP:

µ+ λ− γ∗∗ = U0 (PCA)

λ ≥ γ∗∗ (ICCA)

λ ≤ δ

2(1− δ)

(√
2γ∗∗ − γ∗∗ − U0

)
(ICCP)

Again, it is easy to check that µ = U0 and λ ≡ λ∗∗ = γ∗∗ satisfy these three

equations. The PCA and ICCA are clearly satisfied. When γ∗∗ = γ′′ ≤ 1
2
,

the ICCP is satisfied by definition. When γ∗∗ = 1
2
< γ′′, we may use the

assumption that U0 is sufficiently small to show that γ∗∗ = 1
2

satisfies the

ICCP. This proves that the contract specified in the Proposition is maximal,

stationary, symmetric and aligned.

Like in the case of Lemma 2, there is a set of more subtle candidates that

satisfy the updated PCA, ICCA and ICCP. Consider the case where γ∗∗ =
1
2
< γ′′. The contract µ = U0 − ε and λ = 1

2
+ ε satisfies the PCA, ICCA,

and the ICCP for all values 0 < ε ≤ γ′′ − 1
2
. This will still lead to the same

stage payoff
√

2λ∗∗ − λ∗∗ − U0.9

9Again, the contract µ = U0−ε, λ = γ∗∗+ε is not a maximal contract in the case where
γ∗∗ = γ′′ ≤ 1

2 , as the ICCP would be violated since γ′′ is the largest solution satisfying it.
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We therefore say that (U0, λ
∗∗,~ai∗) where ~ai∗ = (ai∗1 , a

i∗
2 ) =

(√
2γ∗∗ cos(θi),

√
2γ∗∗ sin(θi)

)
is the unique (up to some payoff-irrelevant modifications) maximal contract

out of the set of stationary, symmetric and aligned equilibria.

Since it is a maximal contract for Pi, by the definition of maximality, Pi has

no incentive to deviate to any other contract or renege on the bonus payment.

Thus, we say that (U0, λ
∗∗,~ai∗) where ~ai∗ = (ai∗1 , a

i∗
2 ) =

(√
2γ∗∗ cos(θi),

√
2γ∗∗ sin(θi)

)
is the contract that Pi offers in the unique (up to some payoff-irrelevant

modifications) maximal, stationary, symmetric, aligned bilateral punishment

equilibrium.

�

Now that we have completed the proof, let us take a closer look at Proposi-

tion 1.
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Maximality has important consequences. We can see that after imposing

maximality, we can now find the unique (up to some payoff-irrelevant modi-

fications) stationary, symmetric and aligned bilateral punishment equilibrium

with the largest stage payoff . Let us take a closer look at the value γ∗∗. Note

that it affects both the magnitude of the agent’s actions, and the magnitude

of the incentive strengths that principals offer in their contracts in equilib-

rium.

Figure 3: Finding γ∗∗ under Proposition 1

Figure 3 compares the left-hand side (LHS) of (3), the 45 degree line, and

the right-hand side (RHS) of (3), an upside down parabola-like function with

a single maximum. γ is sustainable if and only if the LHS ≤ RHS.
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We can see that there are a range of values γ that satisfy (3) provided that

δ is sufficiently high and U0 is sufficiently small.

The region indicated by the arrow represents the values of γ that satisfy

(3) and we identify the maximum of these values as γ′′.10

Since the equilibrium is maximal, Pi then chooses the smallest of γ′′ and
1
2
, denoted γ∗∗, as i) their contingent bonus payment λ∗∗, and ii) an input

defining the actions specified ~ai∗.

Equilibrium Stage Payoffs

For use in later sections, we restate the stage payoffs for each party in the

bilateral punishment equilibrium. Let Pi, i ∈ {B,C}, be the interacting

principal. We have shown in the course of the proof for Proposition 1 that:

UA = U0

And further, that the interacting principal, Pi, has equilibrium stage payoff:

Ui =
√

2γ∗∗ − γ∗∗ − U0

The equilibrium stage payoff to P−i, the non-interacting principal, can easily

be calculated to be:

U−i =
√

2γ∗∗∆

10Note that this region represents the set of stationary, symmetric and aligned bilat-
eral punishment equilibrium values of γ. However, only γ∗∗ satisfies our definition of
maximality.
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4.5 Unilateral Punishment

When a principal reneges on their bonus payment, a unilateral punishment

scheme punishes the reneging principal in the continuation equilibrium as

described in Lemma 2. The agent chooses the actions (a1, a2) = (0, 0) in any

future interaction with the reneging principal only.

Recall that the reneging temptation under bilateral punishment depends on

the surplus following the reneging. When both principals are being punished

in some t = τ , the present value of their total expected utility after t > τ is 0.

This changes when a unilateral punishment scheme is imposed. The fu-

ture surplus of the reneging principal in the continuation equilibrium is now

dependent on future interactions between the agent and the non-reneging

principal (since the non-reneging principal continues to interact). This im-

pacts the reneging temptation for an interacting principal under unilateral

punishment. When a principal reneges and is punished according to a uni-

lateral punishment scheme, the present value of their total expected utility

after t > τ is therefore non-trivial. We derive this value in Lemma 3.

Lemma 3: Suppose that a principal Pi, i ∈ {B,C}, reneges in some pe-

riod t = τ and that a unilateral punishment scheme is imposed. Then since

interactions continue according to the unique maximal, stationary, aligned

continuation equilibrium described in Lemma 2, the time t = τ present value

of Pi’s total expected utility for t > τ , denoted by Λ, is given by:

Λ =
δ

2(1− δ)
√

2γ̃∆

where ∆ = cos(θB − θC) and γ̃ is defined as in Lemma 2.

Proof: See Appendix.
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Lemma 3 now provides us with the present value of the total expected utility

that a principal receives along the equilibrium path following a reneging un-

der a unilateral punishment scheme. Note that since −1 ≤ ∆ ≤ 1, the value

of Λ can be both positive and negative. Therefore, the degree of alignment

will affect the amount of surplus following a reneging, and thus, the tempta-

tion to renege in the first place.

Proposition 1 defines the unique maximal, stationary, symmetric, aligned

bilateral punishment equilibrium. We wish to define the analogous unilat-

eral punishment equilibrium.

Proposition 2: There exists a unique (up to some payoff-irrelevant modifica-

tions) maximal, stationary, symmetric, aligned unilateral punishment equi-

librium. In this equilibrium, whenever Pi, i ∈ {B,C}, is the interacting

principal, they will offer a contract (U0, λ
∗,~ai∗) where:

• λ∗ = γ∗ ≡ min{γ′, 1
2
} where γ′ is the largest γ that satisfies:

γ + Λ ≤ δ

2(1− δ)

(√
2γ(1 + ∆)− γ − U0

)
(5)

• ~ai∗ = (ai∗1 , a
i∗
2 ) =

(√
2γ∗ cos(θi),

√
2γ∗ sin(θi)

)
and the agent will accept the offer and take actions ~ai = ~ai∗. Moreover, Pi

will pay the bonus λ∗.

Note that ∆ = cos(θB − θC) is the degree of alignment as defined in an

earlier section and Λ is calculated according to Lemma 3.

Proof: See Appendix.

40



Equilibrium Stage Payoffs

Again, maximality has important consequences. We can see that after im-

posing maximality, we can now find the unique (up to some payoff-irrelevant

modifications) maximal, stationary, symmetric, and aligned unilateral pun-

ishment equilibrium. Once a solution γ∗ is found, calculating each player’s

equilibrium payoffs becomes analogous to the bilateral punishment, except

by replacing γ∗∗ with γ∗.

Let Pi be the interacting principal. Then, similar to the bilateral punish-

ment equilibrium, we know that players’ unilateral punishment equilibrium

stage payoffs are easily calculated to be:

UA = U0

Ui =
√

2γ∗ − γ∗ − U0

U−i =
√

2γ∗∆
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4.6 Comparison

The previous two sections define the unique maximal, stationary, symmetric,

aligned bilateral and unilateral punishment equilibria. This section examines

how the two equilibrium outcomes can be compared.

Intuitively, it may be interesting to compare which of the two equilibrium

values, γ∗∗ and γ∗, is larger. This analysis will be conducted for two reasons.

First, by studying which of the two is larger, we can see which punishment

scheme facilitates larger actions. This is because in a bilateral punishment

equilibrium, ||~ai|| =
√

2γ∗∗, while in a unilateral punishment equilibrium,

||~ai|| =
√

2γ∗, both of which are increasing functions of their respective max-

imal γ values. Secondly, consider the interacting principal’s equilibrium stage

payoff in the bilateral punishment equilibrium,
√

2γ∗∗− γ∗∗−U0, and in the

unilateral punishment equilibrium
√

2γ∗−γ∗−U0. Note that the former is an

increasing function of γ∗∗ for γ∗∗ < 1
2

and the latter is an increasing function

of γ∗ for γ∗ < 1
2
. Given that, by definition, both γ∗∗ ≤ 1

2
and γ∗ ≤ 1

2
, the

study of which γ is larger also indicates which punishment strategy allows

for greater stage payoffs for the interacting principal in equilibrium.

Proposition 3: Suppose that U0 is small enough such that solutions γ∗∗

and γ∗ exist, and that at least one of γ∗∗ and γ∗ is different to 1
2
. Then:

• γ∗∗ > γ∗ if ∆ > 0

• γ∗∗ = γ∗ if ∆ = 0

• γ∗∗ < γ∗ if ∆ < 0

Proof:

We use a graphical argument to prove this proposition.
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Figure 4: The ∆ > 0 case

Figure 5: The ∆ < 0 case

43



Recalling Proposition 1, consider equation (3):

γ ≤ δ

2(1− δ)

(√
2γ(1 + ∆)− γ − U0

)
.

Further, recalling Proposition 2, consider equation (5):

γ + Λ ≤ δ

2(1− δ)

(√
2γ(1 + ∆)− γ − U0

)
.

We defined γ′′ and γ′ to be the largest values satisfying (3) and (5) respec-

tively. The only difference in the two equations is that there is an additional

term on the left side of the inequality:

Λ =
δ

2(1− δ)
√

2γ̃∆

where ∆ = cos(θB − θC).

Now, we note that the sign of Λ depends only on the sign of ∆.

Suppose ∆ > 0. Therefore it must be that Λ > 0. Thus, we sketch the

bilateral punishment equilibrium case (equation (3)) and the unilateral pun-

ishment equilibrium case (equation (5)) on the same axis in Figure 4. We

can see that since Λ > 0 and a constant, we vertically shift the left hand side

of (3), the linear function f(γ) = γ upwards to become f(γ) = γ + Λ as in

the left hand side of (5). Since the right hand side of the inequality in both

equations is concave down, the maximum point of intersection will decrease

from γ′′ to γ′. Now, if γ′ < 1
2
, then γ∗ = γ′ < 1

2
and thus it must be the case

that γ∗ < min{γ′′, 1
2
} = γ∗∗. Therefore γ∗∗ > γ∗ which proves the first point

of Proposition 3.
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Note that if γ′ ≥ 1
2
, then γ∗ = 1

2
and hence γ∗∗ = 1

2
, which is an unin-

teresting result.

We perform analogous analysis in Figure 5 for the ∆ < 0 case to prove

the third point in Proposition 3.

Finally, if ∆ = 0, then Λ = 0 and hence equations (3) and (5) are iden-

tical. Therefore the values of γ∗∗ and γ∗ must also be identical.

�

Proposition 3 is the capstone result in this thesis. It states that the pun-

ishment scheme that leads to larger actions and greater stage payoffs in

equilibrium depends crucially on the alignment of principals’ preferences.

Specifically, the bilateral punishment equilibrium leads to larger actions and

greater stage payoffs for interacting principals than the unilateral punish-

ment equilibrium, if the difference in the principals’ preference parameters is

less than 90◦ (∆ > 0).11 Further, the alternative states that when the differ-

ence in the preference parameters is greater than 90◦ (∆ < 0), the unilateral

punishment equilibrium leads to larger actions and greater stage payoffs for

interacting principals.

11We consider, without loss of generality, a difference in the range of 0◦ to 180◦. For
example if θB = 30◦ and θC = 240◦, we say that the difference is 30◦+|360◦−240◦| = 150◦

This is just for interpretation purposes and in actual fact has no effect on ∆. This can be
seen as cos(30◦ − 240◦) = cos(240◦ − 30◦) = cos(210◦) = cos(150◦).
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4.7 Discussion

“Principals’ equilibrium stage payoffs are larger in the bilateral punishment

equilibrium than the unilateral punishment equilibrium when preferences are

aligned.”

The result in Section 4.6 conjectures that in a scenario where a child has

parents with relatively aligned preferences (i.e. a difference in preference pa-

rameters less than 90 degrees, or ∆ > 0), stronger actions can be sustained

under a bilateral punishment scheme. Here we say stronger actions in the

sense that the magnitude of ~ai sustained in equilibrium is larger compared to

the alternative of unilateral punishment. Further, in this scenario principals

also receive greater stage payoffs under bilateral punishment compared to

the unilateral punishment. This idea may initially seem counter-intuitive.

Consider a father with similar preferences to the child’s mother. Surely, a fa-

ther would be more inclined to renege if he could yield a positive payoff from

the future interactions between the child and the mother. In this sense, one

might expect that the father would prefer a unilateral punishment scheme.

On closer inspection, these implications actually drive the results we see.

Consider the case where parents’ preferences are aligned and a unilateral

punishment scheme is imposed. We can see that when a parent reneges, they

can “leech” (receive positive future payoffs) off the continuing relationship

between the child and the non-reneging parent. In the unilateral case, the

“leeching” temptation is high, which makes equilibrium harder to sustain.

Conversely, in the bilateral punishment equilibrium, a parent’s decision to

consent to the non-pecuniary bonus is made under the proviso that reneging

prevents both parents from interacting with the child in the future. There-

fore, “leeching” in this case is impossible, and thus bilateral punishment

allows for more sustainable cooperation in the form of larger actions, and

greater stage payoffs, when preferences are aligned.
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When two parents’ preferences are relatively misaligned (i.e. a difference

in preference parameters greater than 90 degrees, or ∆ < 0), we find that

equilibrium stage payoffs are larger under unilateral punishment. The result

is driven by the idea that a parent suffers when they are not interacting.

If preferences are misaligned, the child will choose actions that please the

interacting parent, but subsequently hurt the non-interacting parent. Con-

sider the case where parents’ preferences are misaligned and a bilateral pun-

ishment scheme is imposed. In this case, when a parent reneges they can

“damage minimise” (avoid negative future payoffs) from what they would

have otherwise received in the continuing relationship between the child and

the non-reneging parent. Therefore, the reneging temptation is again high,

and equilibrium is thus harder to sustain. In the unilateral punishment

equilibrium, a parent’s decision to consent to the bonus payment is made

knowing that reneging would still imply negative future payoffs. “Damage-

minimisation” does not exist under this punishment scheme, and therefore

there is more sustainable cooperation in the form of larger actions and greater

stage payoffs when preferences are misaligned.

It is important to note that, even though we can tell which punishment

scheme induces larger actions from the agent and therefore greater stage

payoffs for interacting principals, we cannot tell which punishment scheme

arises in equilibrium. We discuss this further in Section 6 when we endogenise

the punishment scheme.
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5 Simple Punishment Equilibria

In Section 4.2, we introduced four assumptions about the subset of equilib-

ria we have chosen to focus on in this thesis. These assumptions included

stationarity, symmetry, alignment and maximality.

In the economic literature, the assumptions of stationarity and symmetry

are widely used. This section provides a justification of why alignment and

maximality may be used in the context of this thesis.

This paper is primarily concerned with reneging on promises under the threat

of different punishment schemes. Ultimately, in terms of sustaining equilib-

ria in this model, we are foremost concerned with avoiding deviations that

occur through a principal reneging on a bonus payment; and second-most

concerned with deviations in contract choice.

With that in mind, in this section we focus on equilibria which exist un-

der the following assumption:

Simple Punishment Assumption: Given any history up to period t− 1,

the continuation equilibrium from t+ 1 onwards is independent of what hap-

pens in period t except in the case that the interacting principal reneges on

the bonus payment in period t.

The basic idea here is that the interacting principal is not punished for any

deviation except for a failure to pay the bonus. The assumption ensures

that the equilibrium moves to ‘punishment phase’ only if the bonus is not

paid. We will see that this assumption, which is motivated by the context of

this thesis, provides justification for the use of alignment and maximality in

earlier sections.
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Proposition 4: There are two stationary, symmetric, bilateral punishment

equilibria that satisfy the Simple Punishment Assumption:

• The zero equilibrium. That is, one where the interacting principal offers

a null contract (0, 0,~0) in every period; and where the agent rejects the

contract offer.

• The unique (up to some payoff-irrelevant modifications) maximal, sta-

tionary, symmetric, aligned bilateral punishment equilibrium defined in

Proposition 1.

Proof: We first prove the proposition for the case of the zero equilibrium.

Note that by specification, the zero equilibrium is stationary and symmetric.

The stage payoff for an interacting principal Pi along the equilibrium path

is 0 since the agent rejects the offer. Further, the agent’s equilibrium stage

payoff is U0. Under the Simple Punishment Assumption, if Pi deviates to a

non-null contract in a given period t, their promise to pay a non-zero bonus

cannot be credible, as they do not receive any future surplus. Therefore, the

agent would not accept such a contract offer. Therefore, the zero equilibrium

is stationary, symmetric, and satisfies the Simple Punishment Assumption.

Next, we prove the case for the unique (up to some payoff-irrelevant modifica-

tions) maximal, stationary, symmetric, aligned bilateral punishment equilib-

rium in Proposition 1. First we show that a non-zero, stationary, symmetric,

equilibrium satisfying the Simple Punishment Assumption must be aligned.

Thereafter, we show that a show that a non-zero, stationary, symmetric,

equilibrium satisfying the Simple Punishment Assumption must be maximal.

Uniqueness is therefore implied up to some payoff-irrelevant modifications.
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Consider a non-zero stationary, symmetric equilibrium, where principals’

contracts are not aligned. That is, suppose that in equilibrium, when Pi,

i ∈ {B,C}, is the interacting principal, they offer a contract of the form

(µ, λ,~ai∗) where ~ai∗ = (ai∗1 , a
i∗
2 ) =

(
ϕ cos(θ′), ϕ sin(θ′)

)
for some θ′ 6= θi and

some ϕ ∈ R+
0 . Note that this is stationary and symmetric by specification.

Further, note that because the equilibrium is stationary and non-zero, the

agent accepts this offer and chooses ~ai = ~ai∗, and Pi pays the bonus λ. The

equilibrium stage payoff for the interacting principal Pi is therefore:

Ui = ϕ cos(θ′) cos(θi) + ϕ sin(θ′) sin(θi)− λ− µ

= ϕ cos(θ′ − θi)− λ− µ

The equilibrium stage payoff for the agent is:

UA = λ+ µ− 1

2
||~ai||2

= λ+ µ− 1

2
ϕ2

Suppose that the Simple Punishment Assumption holds in equilibrium when

θ′ 6= θi. Then we see that if Pi deviates to the contract offer (µ, λ,~ai∗) where

~ai∗ = (ai∗1 , a
i∗
2 ) =

(
ϕ cos(θi), ϕ sin(θi)

)
in some t = τ , the payoff for Pi in that

stage would be:

Ui = ϕ cos(θi) cos(θi) + ϕ sin(θi) sin(θi)− λ− µ

= ϕ− λ− µ

> ϕ cos(θ′ − θi)− λ− µ

while the stage payoff for the agent remains identical. That is,

UA = λ+ µ− 1

2
||~ai||2

= λ+ µ− 1

2
ϕ2, since ||~ai|| is unchanged
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Since no reneging has taken place in this deviation, under the Simple Pun-

ishment Assumption, future payoffs remain the same. Thus a contract where

θ′ 6= θi cannot be an equilibrium satisfying the Simple Punishment Assump-

tion as Pi would deviate. Therefore if a non-zero, stationary, symmetric

equilbrium satisfies the Simple Punishment Assumption, it must be aligned

(i.e ~ai∗ =
(
ϕ cos(θi), ϕ sin(θi)

)
for some ϕ ∈ R+

0 .

We have now shown that under the Simple Punishment Assumption, a non-

zero, stationary, symmetric equilibrium must have aligned contracts. Using

this, we now show that a non-zero, stationary, symmetric equilibrium that

satisfies the Simple Punishment Assumption must also be maximal.

Suppose that there is a non-zero, stationary, symmetric, equilibrium satisfy-

ing the Simple Punishment Assumption, where the equilibrium stage payoff

for Pi, the interacting principal, is some Ui where:

Ui <
√

2γ∗∗ − γ∗∗ − U0.

Note that we proved in Section 4.4 that the right-hand side of this equation

is the largest possible equilibrium stage payoff for Pi out of the set of sta-

tionary, symmetric and aligned bilateral punishment equilibria.

Then, we know that the interacting principal Pi could always deviate in t = τ

to the contract (U0, λ
∗∗, ai∗), where ai∗ =

(√
2γ∗∗ cos(θi),

√
2γ∗∗ sin(θi)

)
, and

λ∗∗ = γ∗∗, to receive a larger stage payoff in that period. In this case,

we know from Section 4.4 that the agent will still accept the contract and

choose the specified actions. Therefore, it must be that the stage payoff to

the interacting principal in t = τ would be Ui =
√

2γ∗∗ − γ∗∗ − U0, and

the stage payoff to the agent would be UA = U0. Under the Simple Pun-

ishment Assumption, since this deviation did not involve reneging, future

payoffs remain unchanged. Thus, a non-zero, stationary, symmetric bilateral
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equilibrium that satisfies the Simple Punishment Assumption must also be

maximal.

At this point, we should also make mention that, as in Section 4.4, there

is a set of maximal equilibria of the form (U0 − ε, 1
2

+ ε, ai∗), where ai∗ =(√
2γ∗∗ cos(θi),

√
2γ∗∗ sin(θi)

)
, γ∗∗ = 1

2
< γ′′ and 0 < ε ≤ γ′′ − 1

2
. We mean

this in the sense that these contracts provide the same stage payoff to Pi as

the contract (U0, λ
∗∗, ai∗), where ai∗ =

(√
2γ∗∗ cos(θi),

√
2γ∗∗ sin(θi)

)
. Again,

we choose not to focus on equilibria of this type since they are a payoff-

irrelevant modification of the equilibrium specified in the proposition.

Therefore, we have shown that a non-zero, stationary, symmetric bilateral

equilibrium satisfying the Simple Punishment Assumption must be the unique

(up to some payoff-irrelevant modifications) maximal, stationary, symmetric,

aligned bilateral punishment equilibrium defined in Proposition 1.

�

Note that an analogous proposition could be written replacing bilateral pun-

ishment with unilateral punishment (and replacing reference to Proposition

2 rather than Proposition 1 in the process).

5.1 Discussion

This extension shows that the use of alignment and maximality in previous

sections is somewhat justified. The underlying premise is that the interacting

principal is given leeway to modify the contract they offer to the agent (of

course, the agent has the right to reject this offer). The interacting principal

is punished only if they renege on the bonus payment. This flexibility then

allows us to eliminate non-maximal, non-aligned equilibria. This is because,

in such equilibria, the principal would deviate by offering a more profitable

contract.
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6 Endogenising the Choice of Punishment Scheme

In Section 4.6, we compare the magnitude of actions and stage payoffs that

can be sustained in both the bilateral and unilateral punishment equilib-

rium. Interestingly, we find that, dependent on the degree of alignment

between principals, the type of equilibrium sustaining larger stage payoffs

for the interacting principals is also the equilibrium we would intuitively ex-

pect to see in reality. In this extension, we aim to show that this result is

not a coincidence, and rather the economic intuition driving this result can

be explained with a simple refinement. To illustrate this claim, this section

extends the model in Section 3 to allow the interacting principal to choose

the punishment scheme they want the agent to impose if reneging takes place

that period. By doing so, we endogenise the punishment scheme, and show

that the intuitive result we find in reality can be explained by the behaviour

of the principals.

To motivate this extension, we provide parents with the opportunity to

phrase their demands to their child in two alternative ways. From the per-

spective of a father for instance, he may offer incentives to his child by saying

“Mum and I would like it if you...” (representing the choice of a bilateral pun-

ishment scheme) or alternatively, “I would like it if you” (representing the

choice of a unilateral punishment scheme). By framing the promise in such a

manner, we see that a child may have a preconceived idea of who is to blame

if reneging takes place that period.

To facilitate this extension, suppose that in each period, there is a ‘psycho-

logical state’ φt that can take on one of two values φ∗∗ and φ∗. Importantly,

we will assume that the interacting principal, Pi, chooses φt at the start of the

period. These psychological states represent the agent’s “perception” about

whether the interacting principal, or both principals, are underwriting the

bonus promised in the contract offered that period. If the state of the world
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in t = τ is φ∗∗, then if the interacting principal reneges in that period, the

agent will choose (a1t, a2t) = (0, 0) in any interaction with either principal in

all periods t > τ . That is, a bilateral punishment scheme would be imposed

in t > τ . If the state of the world in t = τ is φ∗, then if the interacting

principal reneges in that period, the agent will choose (a1t, a2t) = (0, 0) in

any interaction with the reneging principal in all periods t > τ . That is, a

unilateral punishment scheme is imposed in t > τ .

6.0.1 Timing

The timing in each period t = 0, 1, 2... is as follows:

1. Nature selects either PB or PC as the interacting principal for the pe-

riod, each with probability 1
2
.

2. The interacting principal chooses the state of the world φt ∈ {φ∗∗, φ∗}.

3. The interacting principal Pi offers the agent a partially enforceable

contract of the form

wit =

 µit + λit if the agent chooses ~at = ~at
i∗

µit otherwise

by selecting appropriate values (µit, λit, ~at
i∗).

4. The agent chooses to accept or reject this contract offer. If the agent

rejects the offer she will receive an outside option payoff of U0.

5. If the agent accepts the offer, she takes actions ~at = (a1t, a2t).

6. The interacting principal pays the agent µit. If the agent chooses ~at =

~at
i∗, the interacting principal may choose whether to pay the agent the

additional λit.
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It is necessary to impose an assumption at this point. Suppose that a princi-

pal offers a contract with specified actions ~ai∗t = (0, 0) in some period t. Then

by definition, a failure to pay a bonus when the agent chooses ~at = ~ai∗t = (0, 0)

in that period is not considered reneging.

The reason for this assumption is to prevent a principal who is being punished

from manipulating the punishment scheme that the agent is implementing.

For example, suppose Pi is being punished while P−i is not being punished.

Note that this may have occurred, for instance, from Pi choosing φτ = φ∗ in

t = τ , and then reneging on their bonus offer. We want to prevent the case

where, if Pi is selected to interact in some t > τ , that they choose φt = φ∗∗,

and offer a contract of the form (U0, λi,~0) with λi > 0, and thereafter, renege

on the bonus payment when the agent chooses ~at = ~0. This is because such

a reneging would lead to bilateral punishment. Thus Pi could influence the

future interactions between P−i and the agent while being punished. There-

fore, by assuming that a principal cannot renege when the specified actions

are zero, we avoid this predicament.

In addition, the idea of stationarity must be extended in the endogenous

punishment scheme model. A stationary strategy in this model includes a

stationary contract, and a choice of φt = φ ∈ {φ∗∗, φ∗} for all t. In other

words, the choice of the state of the world does not vary over time in a sta-

tionary strategy.

In the next section, we show that under certain conditions, we can find a

unique stationary, symmetric equilibrium satisfying the Simple Punishment

Assumption in the endogenous punishment scheme model.
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6.1 Equilibrium Analysis

Proposition 5: Suppose that U0 is small enough such that solutions γ∗∗ and

γ∗ exist in the original model. Then there exists a δ̄ such that, when δ < δ̄,

there is a unique (up to some payoff irrelevant modifications) non-zero, sta-

tionary, symmetric equilibrium satisfying the Simple Punishment Assumption

in the endogenous punishment scheme model where, whenever Pi, i ∈ {B,C},
is the interacting principal,

• if ∆ > 0, Pi will choose φt = φ∗∗ and players will choose the incentive

contracts and actions described in Proposition 1

• if ∆ < 0, Pi will choose φt = φ∗ and players will choose the incentive

contracts and actions described in Proposition 2

In the case where δ > δ̄, irrelevant of the value of ∆, players choose the

incentive contracts and actions described in either Proposition 1 or 2, and Pi

is indifferent between φt = φ∗∗ and φt = φ∗ in each period.

Proof: First identify δ̄, the value of δ that yields min{γ′′, γ′} = 1
2
.

Next, consider a stationary, symmetric, strategy played by the interacting

principal Pi in equilibrium where Pi chooses a state of the world φt = φ

and a contract of the form (µ, λ,~ai∗) in every t. We say ~ai∗ = (ai∗1 , a
i∗
2 ) =(

ϕ cos(θ), ϕ sin(θ)
)

for some ϕ ∈ R+
0 and some θ ∈ [0, 2π). Again for con-

venience of calculations, we let ϕ =
√

2γ where γ ∈ R+
0 , so that ~ai∗ =(√

2γ cos(θ),
√

2γ sin(θ)
)
.

Given a stationary equilibrium where φ ∈ {φ∗∗, φ∗} is chosen in every pe-

riod, we know from similar application of Proposition 4 in Section 5 that the

equilibrium must be both aligned and maximal.
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Thus, if for example φt = φ∗ is chosen in equilibrium, it must be that Pi

chooses (U0, λ
∗,~ai∗) where ~ai∗ = (ai∗1 , a

i∗
2 ) =

(√
2γ∗ cos(θi),

√
2γ∗ sin(θi)

)
and

γ∗ ≡ min{γ′, 1
2
}. Further, γ∗ satisfies:

γ∗ + Λ ≤ δ

2(1− δ)

(√
2γ∗(1 + ∆)− γ∗ − U0

)
(6)

where Λ = δ
2(1−δ)

√
2γ̃∆ as defined in Lemma 3. This is the strategy described

in Proposition 2.

Suppose that players choose incentive contracts and actions described in

Proposition 2 and that φt = φ∗ is chosen each period. We wish to check

under which conditions Pi may wish to deviate to an alternative strategy

where Pi chooses φt = φ∗∗.

Case 1: when φt = φ∗, δ < δ̄ and ∆ > 0

If δ < δ̄ then min{γ′′, γ′} < 1
2
. Thus if ∆ > 0, then from Section 4.6,

γ∗ = γ′ < min{γ′′, 1
2
} ≡ γ∗∗. Then (6) must hold with equality by definition:

γ′ + Λ =
δ

2(1− δ)

(√
2γ′(1 + ∆)− γ′ − U0

)
.

Next, note that if ∆ > 0 then Λ > 0.

Suppose that, in some period t = τ , Pi deviates to a strategy where the

state of the world is φt = φ∗∗ and the contract offered is (U0, λ̆,~a
i∗) where

~ai∗ = (ai∗1 , a
i∗
2 ) =

(√
2γ̆ cos(θi),

√
2γ̆ sin(θi)

)
, and λ̆ = γ̆ = γ′ + ε, and ε is

small enough such that 0 < ε < Λ and γ′ + ε < 1
2
. The agent will accept

the offer and choose ~ai = ~ai∗, and further, Pi will not renege. To see this,

we show that the present value of reneging, λ̆, is smaller present value of not
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reneging (which is the future surplus on the equilibrium path by the Simple

Punishment Assumption) as follows:

λ̆ = γ̆ = γ′ + ε < γ′ + Λ =
δ

2(1− δ)

(√
2γ′(1 + ∆)− γ′ − U0

)
.

However, we know that the stage payoff will increase as γ′ < γ′ + ε < 1
2
.

Thus using the Simple Punishment Assumption, Pi would deviate from the

strategy where they choose the state φt = φ∗ and contract (U0, λ
∗,~ai∗) where

~ai∗ = (ai∗1 , a
i∗
2 ) =

(√
2γ∗ cos(θi),

√
2γ∗ sin(θi)

)
and γ∗ ≡ min{γ′, 1

2
}. Thus

this strategy cannot be an equilibrium when δ < δ̄ and ∆ > 0.

Case 2: when φt = φ∗, δ < δ̄ and ∆ < 0

If δ < δ̄ then min{γ′′, γ′} < 1
2
. Thus if ∆ < 0, then from Section 4.6,

γ∗∗ = γ′′ < min{γ′, 1
2
} ≡ γ∗.

First suppose γ∗ = γ′. Then again (6) must hold with equality:

γ′ + Λ =
δ

2(1− δ)

(√
2γ′(1 + ∆)− γ′ − U0

)
.

But we know that if ∆ < 0 then Λ < 0. Thus,

γ′ >
δ

2(1− δ)

(√
2γ′(1 + ∆)− γ′ − U0

)
.

Suppose that, in some period t = τ , Pi deviates to a strategy where the

state of the world is φt = φ∗∗ and the contract offered is (U0, λ̆,~a
i∗) where

~ai∗ = (ai∗1 , a
i∗
2 ) =

(√
2γ̆ cos(θi),

√
2γ̆ sin(θi)

)
and λ̆ = γ̆ = γ′ + ε for some
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ε > 0. Then we know that

γ̆ = γ′ + ε > γ′ >
δ

2(1− δ)

(√
2γ′(1 + ∆)− γ′ − U0

)
.

Thus incentive compatibility would not be maintained and a deviation of this

type would lead Pi to renege. The agent, realising this, would choose ~ai = ~0.

Thus deviations of this type are not profitable if γ∗ = γ′.

Next suppose that γ∗ = 1
2
. Suppose that, in some period t = τ , Pi devi-

ates to a strategy where the state of the world is φt = φ∗∗ and the contract

offered is (U0, λ̆,~a
i∗) where ~ai∗ = (ai∗1 , a

i∗
2 ) =

(√
2γ̆ cos(θi),

√
2γ̆ sin(θi)

)
and

λ̆ = γ̆ = γ∗ + ε for some ε > 0. Such a deviation can only be profitable if

the promise to pay the bonus is credible, in which case, the agent will take

non-zero actions and Pi will pay the bonus in the continuation equilibrium.

Conditional on paying the bonus, and the agent taking the specified actions,

γ∗ = 1
2

maximises stage payoff (and by the Simple Punishment Assumption,

future payoff). Thus, this type of deviation is unprofitable.

Therefore, when δ < δ̄ and ∆ < 0, it must be that Pi will choose φt = φ∗ and

players will choose the incentive contracts and actions described in Proposi-

tion 2.

Next, we consider the case where φt = φ∗∗ is chosen in equilibrium. Us-

ing the Simple Punishment Assumption in Section 5, it must be that Pi

chooses (U0, λ
∗∗,~ai∗) where ~ai∗ = (ai∗1 , a

i∗
2 ) =

(√
2γ∗∗ cos(θi),

√
2γ∗∗ sin(θi)

)
and γ∗∗ ≡ min{γ′, 1

2
}. Further, γ∗∗ satisfies:

γ∗∗ ≤ δ

2(1− δ)

(√
2γ∗∗(1 + ∆)− γ∗∗ − U0

)
. (7)
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Note that this is the strategy described in Proposition 1.

Suppose that players choose incentive contracts and actions described in

Proposition 1 and that φt = φ∗∗ is chosen each period. We wish to check

under which conditions Pi may wish to deviate to an alternative strategy

where Pi chooses φt = φ∗.

Case 1: when φt = φ∗∗, δ < δ̄ and ∆ < 0

If δ < δ̄ then min{γ′′, γ′} < 1
2
. Thus if ∆ < 0, then from Section 4.6,

γ∗∗ = γ′′ < min{γ′, 1
2
} ≡ γ∗. Then (7) must hold with equality by definition:

γ′′ =
δ

2(1− δ)

(√
2γ′′(1 + ∆)− γ′′ − U0

)
.

Next, note that if ∆ < 0 then Λ < 0.

Suppose that, in some period t = τ , Pi deviates to a strategy where the

state of the world is φt = φ∗ and the contract offered is (U0, λ̆,~a
i∗) where

~ai∗ = (ai∗1 , a
i∗
2 ) =

(√
2γ̆ cos(θi),

√
2γ̆ sin(θi)

)
, and λ̆ = γ̆ = γ′′ + ε, and ε is

small enough such that 0 < ε < −Λ and γ′′ + ε < 1
2
. The agent will accept

the offer and choose ~ai = ~ai∗, and further, Pi will not renege. To see this, we

show that the present value of reneging, λ̆, is smaller than the present value

of not reneging (which is the future surplus on the equilibrium path by the

Simple Punishment Assumption) as follows:

λ̆+ Λ = γ̆ + Λ = γ′′ + (ε+ Λ) < γ′′ =
δ

2(1− δ)

(√
2γ′′(1 + ∆)− γ′′ − U0

)
.

However, we know that the stage payoff will increase as γ′′ < γ′′ + ε < 1
2
.

Thus using the Simple Punishment Assumption, Pi would deviate from the
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strategy where they choose the state φt = φ∗∗ and the contract (U0, λ
∗∗,~ai∗)

where ~ai∗ = (ai∗1 , a
i∗
2 ) =

(√
2γ∗∗ cos(θi),

√
2γ∗∗ sin(θi)

)
and γ∗∗ ≡ min{γ′′, 1

2
}.

Thus this strategy cannot be an equilibrium when δ < δ̄ and ∆ < 0.

Case 2: when φt = φ∗∗, δ < δ̄ and ∆ > 0

If δ < δ̄ then min{γ′′, γ′} < 1
2
. Thus if ∆ > 0, then from Section 4.6,

γ∗ = γ′ < min{γ′′, 1
2
} ≡ γ∗∗.

First suppose γ∗∗ = γ′′. Then again (7) must hold with equality:

γ′′ =
δ

2(1− δ)

(√
2γ′′(1 + ∆)− γ′′ − U0

)
.

But we know that if ∆ > 0 then Λ > 0. Thus,

γ′′ + Λ >
δ

2(1− δ)

(√
2γ′′(1 + ∆)− γ′′ − U0

)
.

Suppose that, in some period t = τ , Pi deviates to a strategy where the

state of the world is φt = φ∗ and the contract offered is (U0, λ̆,~a
i∗) where

~ai∗ = (ai∗1 , a
i∗
2 ) =

(√
2γ̆ cos(θi),

√
2γ̆ sin(θi)

)
and λ̆ = γ̆ = γ′′ + ε for some

ε > 0. Then we know that,

γ̆ = γ′′ + ε+ Λ > γ′′ + Λ >
δ

2(1− δ)

(√
2γ′′(1 + ∆)− γ′′ − U0

)
.

Thus incentive compatibility would not be maintained as such a deviation

would cause Pi to renege. The agent realises this and would choose ~ai = ~0.

Thus deviations of this type are not profitable if γ∗∗ = γ′′.

Next suppose that γ∗∗ = 1
2
. Suppose that, in some period t = τ , Pi de-

viates to a strategy where the state of the world is φt = φ∗ and the contract
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offered is (U0, λ̆,~a
i∗) where ~ai∗ = (ai∗1 , a

i∗
2 ) =

(√
2γ̆ cos(θi),

√
2γ̆ sin(θi)

)
and

λ̆ = γ̆ = γ∗∗ + ε for some ε > 0. Such a deviation can only be profitable if

the promise to pay the bonus is credible, in which case, the agent will take

non-zero actions and Pi will pay the bonus in the continuation equilibrium.

Conditional on paying the bonus, and the agent taking the specified actions,

γ∗∗ = 1
2

maximises stage payoff (and by the Simple Punishment Assumption,

future payoff). Thus, this type of deviation is unprofitable.

Therefore, when δ < δ̄ and ∆ > 0, it must be that Pi will choose φt = φ∗∗ and

players will choose the incentive contracts and actions described in Proposi-

tion 1.

Final Case: when either φt = φ∗ or φt = φ∗∗, and δ > δ̄

If δ > δ̄, then min{γ′′, γ′} > 1
2
. This means that, for any value of ∆,

γ∗∗ = γ∗ = 1
2
. From Section 5, we know that Pi must play according to the

incentive contracts and actions described in either Proposition 1 or 2. We

see that Pi is indifferent between φt = φ∗∗ and φt = φ∗.

We use analogous logic as in Case 2 for φt = φ∗ and Case 2 for φt = φ∗∗

to show that any deviation to some state of the world φt where λ̆ = γ̆ = 1
2

+ ε

can only be profitable if the promise to pay the bonus is credible, in which

case, the agent will take non-zero actions and Pi will pay the bonus in the

continuation equilibrium. Conditional on paying the bonus, and the agent

taking the specified actions, γ∗ = γ∗∗ = 1
2

maximises stage payoff (and by the

Simple Punishment Assumption, future payoff). Thus, this type of deviation

is unprofitable.

�

62



6.2 Discussion

In the endogenous punishment scheme model, we observe a unique equi-

librium that identifies principals’ preferences over the choice of punishment

schemes, provided that players are sufficiently impatient (i.e. δ is sufficiently

small). Impatience is a necessity to ensure that principals actually have pref-

erences over the psychological states of the world.

Perhaps unsurprisingly, we find that the unique equilibrium is one where

the interacting principal chooses bilateral punishment when principals’ pref-

erences are aligned, and unilateral punishment when principals’ preferences

are misaligned. This is because punishment schemes specific to these cases

allow principals to credibly promise a larger bonus to the agent. This in-

duces greater actions from the agent and leads to larger stage payoffs for the

interacting principal. Most importantly, this result provides a unique equi-

librium consistent with casual empiricism, rather than two distinct equilibria

as portrayed in Section 4.
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7 Limitations

While the model presented in this paper has provided a new way of under-

standing punishment schemes in relational incentive contracts, it is important

to recognise some shortfalls. For instance, although we discuss the impact

of punishment schemes on action magnitude and principals’ stage payoffs,

the model does not have interesting implications for how the choice of pun-

ishment scheme affects the agent. This is because, in either case, principals

extract all excess utility from the agent in this model. Therefore, the in-

stances that we see of bilateral punishment arising empirically when parents’

preferences are aligned cannot be attributed to preferences of the agent ac-

cording to this model.

Although no conclusions can be made about the agent’s preferences over the

punishment schemes in this model, we propose that extending the model to

allow the agent to choose the punishment scheme would yield similar results.

In the current model, principals have the bargaining power, which allows

them to transact in a way that maximises credible incentive strengths. If we

were to provide the agent with bargaining power, we would expect to reach

the same basic conclusion. The intuition is that the agent will seek to ex-

tract all possible surplus from the interacting principal, which in the current

model would be the existing stage payoffs. Given that, in the current model,

bilateral punishment leads to greater stage payoffs when parents’ preferences

are aligned, and that unilateral punishment leads to greater stage payoffs

when parents’ preferences are misaligned, we would expect to reach a similar

conclusion. Analysing this extension may be a possibility for future work.
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8 Welfare Implications

In Sections 4.4 and 4.5, we derive the stage payoffs in the unique bilateral

and unilateral punishment equilibria. In this section we calculate the social

welfare (SW ) in each period of these equilibria for different cases of ∆. Con-

sequently, we discuss which equilibrium is welfare maximising. To see this,

we first calculate social welfare in each period in the bilateral and unilateral

punishment equilibria by summing Ui, U−i and UA.12

• In the Bilateral Punishment Equilibrium, SW ∗∗ =
√

2γ∗∗(1 + ∆)− γ∗∗

• In the Unilateral Punishment Equilibrium, SW ∗ =
√

2γ∗(1 + ∆)− γ∗

Suppose 0 < ∆ ≤ 1, i.e. that principals’ preferences are aligned. We now

prove that the bilateral punishment equilibrium is welfare maximising.

To see this, consider the function g(x) =
√

2x(1 + ∆) − x. We can see

that, by taking the first order condition, g(x) is an increasing function over

the domain 0 < x < (1+∆)2

2
. Note that since 0 < ∆ ≤ 1, we have (1+∆)2

2
> 1

2
,

and hence g(x) in this case is increasing over the domain 0 < x < 1
2
.

We also know from Section 4.6 that when 0 < ∆ ≤ 1 and it is not the

case that γ∗∗ = γ∗ = 1
2
, then it must be that be the case that γ∗ < γ∗∗ ≤ 1

2
.

Therefore, when we focus on the case where γ∗ < γ∗∗ ≤ 1
2
, if 0 < ∆ ≤ 1 we

find that SW ∗∗ > SW ∗.

Note that in the endogenous punishment scheme model, when 0 < ∆ ≤ 1, we

find that principals choose the psychological state φ∗∗ representing a bilateral

punishment scheme. This shows that when 0 < ∆ ≤ 1, the equilibrium is

welfare maximising in stage payoffs (compared to the alternative state φ∗).

12See pages 38 and 41.
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Note that in the case where ∆ = 0, we know from Section 4.6 that γ∗∗ = γ∗,

which implies SW ∗∗ = SW ∗. Further, in the case where −1 < ∆ < 0, there

is no definitive social welfare maximiser as both SW ∗∗ and SW ∗ can be larger

depending on the values of ∆, U0 and δ.

Finally, consider the special case where ∆ = −1, i.e. that principals’ prefer-

ences are completely misaligned. Then:

• In the Bilateral Punishment Equilibrium, SW ∗∗ = −γ∗∗

• In the Unilateral Punishment Equilibrium, SW ∗ = −γ∗

We also know from Section 4.6 that when ∆ = −1 and it is not the case that

γ∗∗ = γ∗ = 1
2
, then it must be that be the case that γ∗∗ < γ∗ ≤ 1

2
.

Therefore if ∆ = −1 we also find that SW ∗∗ > SW ∗.
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8.1 Discussion

The ∆ = −1 case has interesting implications. Note that in the endogenous

punishment scheme model, when ∆ = −1, we find that principals would

choose a unilateral punishment scheme, yet the bilateral punishment scheme

is welfare maximising.

The intuition behind this is as follows. Consider the case where ∆ = −1,

indicating that principals’ preferences are completely misaligned. In each

period of the unilateral punishment equilibrium, the interacting principal

chooses a contract that severely hurts the non-interacting principal. From a

total stage welfare point of view, this reduces the net effect of a higher stage

payoff for the interacting principal. The interacting principal is essentially

inviting the agent to take costly actions for private gain but no overall welfare

gain. Thus total stage welfare would be larger when ∆ = −1 if the agent

were to commit to actions specified through γ∗∗ instead of γ∗ in each period,

as this would be less costly to total welfare.
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9 Conclusion

This paper has developed a theory capable of explaining why aligned prin-

cipals prefer collective punishment, and why misaligned principals prefer in-

dividual punishment in a common agency setting with relational incentive

contracts. The result is primarily driven by the idea that “larger” actions

from the agent can be sustained in a bilateral punishment equilibrium when

principals’ preferences are aligned, and in a unilateral punishment equilib-

rium when principals’ preferences are misaligned. Since an interacting prin-

cipal’s equilibrium stage payoff is an increasing function of the magnitude of

the agent’s actions, we used the extension in Section 6 to allow us to put

forward such a theory.

Earlier, our results were achieved by focusing on a subset of equilibria, and

continuation equilibria, where principals offered contracts that maximised

stage payoff. The justification behind imposing the assumption of maximal-

ity was addressed in Section 5. We showed that if the interacting principal

can modify their contracts without repercussions (i.e. punishment only im-

posed in the event that they renege), then the equilibria we choose to focus

on arise somewhat naturally.

There are, however, a variety of questions that have not been comprehen-

sively answered. For instance, we recognise that this model does not address

the agent’s preferences over the two punishment schemes. Therefore, we can-

not discuss how the agent may influence the choice of punishment scheme in

equilibrium. Next, it is not clear if the equilibria studied in this model are

the unique equilibria that would be found through the application of game

theoretical refinements. Forward inductive arguments were investigated but

deemed too involved. Finally, it may be interesting to investigate the sen-

sitivity of results to a common agency setting extended to more than two

principals. These issues present a fertile ground for future work.
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10 Appendix

10.0.1 A.1 Lemma 3

Suppose Pi reneges in some period t = τ and a unilateral punishment scheme

is imposed. Then we know from Lemma 2, that in the continuation equilib-

rium the agent will choose actions (ai1, a
i
2) = (0, 0) in future interactions with

Pi. Further, during future interactions between P−i and the agent, the agent

will choose (a−i1 , a
−i
2 ) =

(√
2γ̃ cos(θi),

√
2γ̃ sin(θi)

)
where γ̃ ≡ min{γ̂, 1

2
}, and

where γ̂ is the largest value satisfying:

γi ≤
δ

2(1− δ)

(√
2γi − γi − U0

)
.

Therefore, the time t = τ present value of Pi’s total expected utility from all

periods t > τ , denoted by Λ, is given by:

Λ =
1

2

∞∑
t=1

δt
(
a−i1 cos(θi) + a−i2 sin(θi)

)
=

1

2

∞∑
t=1

δt
(√

2γ̃ cos(θ−i) cos(θi) +
√

2γ̃ sin(θ−i) sin(θi)
)

=
δ

2(1− δ)
√

2γ̃∆

�

10.0.2 A.2 Proposition 2

This proof is identical to Proposition 1, except in the derivation of the in-

centive compatibility constraint for the interacting principal (ICCP). This is

what will be derived below.

In the derivation of the ICCP in Proposition 1, we see that if Pi pays the

promise bonus payment λ in some t = τ , they will receive a total expected
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discounted utility (TEU1
i ) from all interactions t > τ along the equilibrium

path as follows:

TEU1
i =

δ

2(1− δ)

(√
2γ(1 + ∆)− λ− µ

)
If Pi reneges, they will not have to pay the bonus λ and, since Pi will be

punished while P−i will continue to interact, the game will proceed along the

continuation path described in Lemma 2 (i.e. giving Pi future payoffs with

present value Λ according to Lemma 3). Thus, Pi will not renege if:

λ+ Λ ≤ TEU1
i

We refer to this as the incentive compatibility constraint for Pi, and it can

be expressed as:

λ+ Λ ≤ δ

2(1− δ)

(√
2γ(1 + ∆)− λ− µ

)
(ICCP)

Again, like Proposition 1, after we show that the PCA is binding, we combine

the ICCP and the ICCA to see that:

γ + Λ ≤ δ

2(1− δ)

(√
2γ(1 + ∆)− γ − U0

)
�

70



11 References

Baker, G., Gibbons, R., & Murphy, K. J. (1994). Subjective performance

measures in optimal incentive contracts. The Quarterly Journal of Eco-

nomics, 109(4), 1125-1156.

Bergemann, D., & Vlimki, J. (2003). Dynamic common agency. Journal

of Economic Theory, 111(1), 23-48.

Bernheim, B. D., & Whinston, M. D. (1986). Common agency. Econo-

metrica: Journal of the Econometric Society, 923-942.

Bull, C. (1987). The existence of self-enforcing implicit contracts. The Quar-

terly Journal of Economics, 102(1), 147-159.

Dufwenberg, M., & Kirchsteiger, G. (2004). A theory of sequential reci-

procity. Games and economic behaviour, 47(2), 268-298.

Ellison, G. (1994). Cooperation in the prisoner’s dilemma with anonymous

random matching. The Review of Economic Studies, 61(3), 567-588.

Falk, A., & Fischbacher, U. (2006). A theory of reciprocity. Games and

Economic Behavior, 54(2), 293-315.

Fuchs, W. (2007). Contracting with repeated moral hazard and private eval-

uations. The American Economic Review, 1432-1448.

Greif, A., Milgrom, P., & Weingast, B. R. (1994). Coordination, commit-

ment, and enforcement: The case of the merchant guild. Journal of political

economy, 745-776.

71



Kvaly, O., & Olsen, T. E. (2009). Endogenous verifiability and relational

contracting. The American Economic Review, 2193-2208.

Levin, J. (2002). Multilateral contracting and the employment relationship.

The Quarterly Journal of Economics, 117(3), 1075-1103.

Levin, J. (2003). Relational incentive contracts. The American Economic

Review, 93(3), 835-857.

MacLeod, W. B., & Malcomson, J. M. (1989). Implicit contracts, incen-

tive compatibility, and involuntary unemployment. Econometrica: Journal

of the Econometric Society, 447-480.

72


