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1. Introduction

In insurance modelling, the Poisson process has been used as a claim arrival pro-cess. Extensive discussion of the Poisson process, from both applied and theoreticalviewpoints, can be found in Cram�er (1930), Cox & Lewis (1966), B�uhlmann (1970),Cinlar (1975), Gerber (1979) and Medhi (1982). However there has been a signi�cantvolume of literature that questions the suitability of the Poisson process in insurancemodelling (Seal 1983 and Beard et al. 1984). From a practical point of view, there isno doubt that the insurance industry needs a more suitable claim arrival process thanthe Poisson process that has deterministic intensity.
As an alternative point process to generate the claim arrivals, we can employ theCox process or a doubly stochastic Poisson process (Cox 1955; Bartlett 1963; Haight1967; Serfozo 1972; Grandell 1976, 1991, 1997; Br�emaud 1981; Consul 1989 and Lando1994). An important book on Cox processes is the book by Benning and Korolev 2002,where various limit theorems as well as applications in both insurance and �nance arediscussed. The Cox process provides us with the exibility to allow the intensity notonly to depend on time but also to be a stochastic process. In a recent paper (Dassiosand Jang 2003), we demonstrated how the Cox process with shot noise intensity canbe used in the pricing of catastrophe reinsurance and derivatives.
As the claim intensity function within the Cox process is not observable, it impliesthat it can only be observed on the basis of an observed process of reported claims.Thus, we consider the `�ltering problem' to obtain the best estimate of the claimintensity on the basis of the observed process of reported claims or observed accidents(Dassios and Jang 1998).
We start by de�ning the quantities of interest; these are the doubly stochastic (witha shot-noise intensity) point process of claim arrivals and the aggregate loss process.In section 3, we prove a weak convergence result for the three dimensional processconsisting of the intensity, claim arrival and aggregate loss processes. In section 4,we obtain the Kalman-Bucy �lter result which is then used in section 5 to price areinsurance contract.
We employ piecewise deterministic Markov processes, whose theory was developedby Davis (1984), to obtain the original moments of our processes. The piecewise
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deterministic Markov processes theory is a powerful mathematical tool for examiningnon-di�usion models. For details, we refer the reader to Davis (1984), Dassios (1987),Dassios and Embrechts (1989), Jang (1998, 2004), Rolski et al. (1999) and Dassiosand Jang (2003).For similar results to the ones derived in this paper we refer the reader to Gnedenkoand Kolmogorov 1954; Snyder 1975; Kruglov 1976; Davis 1977; Lipster and Shiryayev1977, 1978; Ahmed 1998 and Benning and Korolev 2002.

2. The Cox process and the shot noise process
The Cox process (or a doubly stochastic Poisson process) can be viewed as a twostep randomisation procedure. A process �t is used to generate another process Ntby acting as its intensity. That is, Nt is a Poisson process conditional on �t whichitself is a stochastic process (if �t is deterministic then Nt is a Poisson process). Manyalternative de�nitions of a doubly stochastic Poisson process can be given. We willo�er the one adopted by Br�emaud (1981).

De�nition 1. Let (
; F; P ) be a probability space with information structure givenby F = f=t; t 2 [0; T ]g. Let Nt be a point process adapted to F. Let �t be a non-negative process adapted to F such that
Z t
0 �sds <1 almost surely (no explosions):

If for all 0 � t1 � t2 and u 2 R
Eneiu(Nt2�Nt1)j=�t2o = exp

8<:�eiu � 1� t2Z
t1 �sds

9=; (1)
then Nt is called a =t-doubly stochastic Poisson process with intensity �t where =�t isthe �-algebra generated by � up to time t, i.e. =�t = � f�s; s � tg :
Equation (1) gives us

Pr fNt2 �Nt1 = kj�s; t1 � s � t2g = exp � t2Rt1 �sds
! t2Rt1 �sds

!k
k! : (2)
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One of the processes that can be used to measure the impact of primary events is theshot noise process (Cox & Isham, 1980, 1986 and Kl�uppelberg & Mikosch, 1995). Theshot noise process is particularly useful within the claim arrival process as it measuresthe frequency, magnitude and time period needed to determine the e�ect of primaryevents. As time passes, the shot noise process decreases as more and more claimsare settled. This decrease continues until another event occurs which will result in apositive jump in the shot noise process. Therefore the shot noise process can be usedas the parameter of doubly stochastic Poisson process to measure the number of claimsdue to primary events, i.e. we will use it as a claim intensity function to generate theCox process. We will adopt the shot noise process used by Cox & Isham (1980):

�t = �0e��t + MtX
i=1 Yie��(t�Si)where:

� �0 is the initial initial value of �t
� fYigi=1;2;::: is a sequence of independent and identically distributed randomvariables with distribution function G(y) (y > 0) and E(Yi) = �1.
� fSigi=1;2;::: is the sequence representing the event times of a Poisson process Mtwith constant intensity �.
� � is the rate of exponential decay.

We also de�ne the aggregate loss process
Ct = NtX

i=1 @i;where Nt is de�ned earlier and f@igi=1;2;::: is a sequence of independent and iden-tically distributed random variables representing the claim sizes with distributionfunction H(u) (u > 0) and m1 = 1R
0 udH(u).We also make the additional assumption that the Poisson process Mt and thesequences fYigi=1;2;::: and f@igi=1;2;::: are independent of each other.As �t is a Markov process, the generator of the process (�t; t) acting on a functionf(�; t) belonging to its domain is given by

A f(�; t) = @f@t � ��@f@� + �f 1Z
0
f(�+ y; t)dG(y)� f(�; t)g: (3)
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For f(�; t) to belong to the domain of the generator A, it is su�cient that f(�; t) isdi�erentiable w.r.t. �, t for all �, t and that ����1R0 f(�+ y; t)dG(y)� f(�; t)���� <1.Now let us derive the mean and variance of �t assuming that �0 is given.
Theorem 1. The expectation of claim intensity process �t, assuming that we know�0, is given by

E (�t j �0) = �1�� + (�0 � �1�� )e��t: (4)
Proof. Set f(�) = � in (3), then

A� = ���+ �1�:
From E(�t j �0)� �0 = E[ tR0 fA f(�s) j �0gds],

E (�t j �0) = �0 � � tZ
0
E (�s j �0) ds+ tZ

0
�1�ds

and di�erentiate w.r.t. t
dE (�t j �0)dt = ��E (�t j �0) + tZ

0
�1�ds:

Solving the di�erential equation, we have
E (�t j �0) = �1�� + (�0 � �1�� )e��t:

Lemma 1. The second moment of claim intensity process �t is given by
E ��2t j �0� = �20e�2�t + 2�1�� ��0 � �1�� � �e��t � e�2�t�+ ��21�2�2 + �2��

� (1� e�2�t)(5)where �2 = 1R
0 y2dG(y).

Proof. Set f(�) = �2 in (3), then from the proof of the previous theorem the resultfollows immediately.
Corollary 1. The variance of claim intensity process �t is given by

Var (�t j �0) = (1� e�2�t)�2�2� : (6)
Proof. From Var (�t j �0) = E ��2t j �0� � fE (�t j �0)g2, the result follows immedi-ately.
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Similarly, the asymptotic (stationary) mean and variance of �t can be obtained fromTheorem 1 and Corollary 1.

Corollary 2. If �t is stationary, that is �0 has the stationary distribution, then
E (�t) = �1�� (7)

and
Var (�t) = �2�2� : (8)

Proof. Let t!1 in (4) and (6) then the results follow immediately.
From (2), we have

E(Nt) = E
0@ tZ

0
�sds

1A = E(Xt) (9)
where Xt = R t0 �sds (the aggregated process). Hence, assuming that �t is stationary,the expectation of claim number process, Nt is given by

E(Nt) = �1�� t: (10)
Similarly, assuming that we know �0, we can also obtain that the variance of theaggregated process Xt,

Var
0@ tZ

0
�sds j �0

1A = Var (Xt j �0) = ��2�2 t� 2�2�3 �1� e��t�+ �22�3 �1� e�2�t�� �
(11)and assuming that �t is stationary, we have

Var
0@ tZ

0
�sds

1A = Var (Xt) = ��2�2 t� �2�3 e��t � �2�3 � �: (12)
The reason for the derivation of the variance of Xt will become apparent later whenwe transform and approximate the Cox and shot noise processes.Based on small �, that is the rate of primary event arrival, Dassios and Jang (2003)used the shot noise process as an intensity function from catastrophic events. Howeverif the rate of primary event arrival, �, is large, it implies that the primary events
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are not catastrophes anymore. Therefore we can consider it as an intensity functionto generate the number of claims from common events with high frequency, such ascar accidents or accidents from a large collective insurance portfolio, not catastrophicevents.

3. Convergence results
We start by introducing the following linear transformations of the processes �t, Ntand Ct:

Z(�)t = �t � �1��p�2�2� i.e. �t = �1�� + Z(�)t r�2�2� (13)
W (�)t = Nt � �1�� tp�2�2� i.e. Nt = �1�� t+W (�)t r�2�2� (14)

and
U (�)t = Ct �m1 �1�� tp�2�2� i.e. Ct = m1�1�� t+ U (�)t r�2�2� : (15)

Let us continue with a proposition by Ethier & Kurtz (1985).
Proposition 1. For n = 1; 2; :::; let f=nt g be a �ltration and let Mn be an f=nt g-localmartingale with sample paths in D<d [0;1) and Mn (0) = 0. Let An = ��Aijn �� besymmetric d� d matrix-valued processes such that Aijn has sample paths in D<d [0;1)and An (t)�An (s) is nonnegative de�nite for 0 � s < t. Assume that

limn!1E
�supt�T ��Aijn (t)�Aijn (t�)��� = 0; (16)

limn!1E
�supt�T jMn (t)�Mn (t�)j2� = 0; (17)

and for i; j = 1; 2; :::; d;
M in (t)M jn (t)�Aijn (t) (18)

is an f=nt g-local martingale. If for each t � 0 and i; j � 1; 2; :::d;
Aijn (t)! cij (t) (19)
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in probability where C = ((cij)) is a continuous, symmetric, d � d matrix-valuedfunction, de�ned on [0;1); satisfying C (0) = 0 andP (cij (t)� cij (s)) �i�j � 0; ��<d.Then

Mn ) X (20)
in law where X is a process with independent Gaussian increments such that XiXj�cijare (local) martingales with respect to f=nt g :
Let us now de�ne V (�)t = Jt��1�tp�2�2� ; L(�)t = Nt� tR

0 �sdsp�2�2� = Nt�Xtp�2�2� and Q(�)t = Ct�m1Ntp�2�2� ,
where Jt = MtPi=1Yi.Lemma 2. Assuming that �!1,

26664
V (�)tL(�)tQ(�)t

37775)
26664

p2�B(1)tq 2�1�2 B(2)tqk2 2�1�2 B(3)t

37775 (21)
in law where B(1)t ; B(2)t and B(3)t are three independent standard Brownian motions and
k2 = 1R

0 u2dH (u)� �1R0 udH (u)�2 (the variance of claim sizes).
Proof. The generator of the process V (�)t acting on a function f (v) is given by

A f (v) = � �1�p�2�2� @f@v + �
8<:
1Z
0
f(v + yp�2�2� )dG (y)� f (v)

9=; : (22)
Setting f (v) = v2 in (22) then

Av2 = 2�:
The generator of the process (Xt; Nt; Ct; �t; Jt; t) acting on a function f (x; n; c; �; j; t)is given by

A f (x; n; c; �; j; t) = @f@t + �@f@x + �
8<:
1Z
0
f (x; n+ 1; c+ u; �; j; t) dH (u)� f (x; n; c; �; j; t)

9=;
���@f@� + �

8<:
1Z
0
f (x; n; c; �+ y; j + y; t) dG (y)� f (x; n; c; �; j; t)

9=; : (23)



Kalman-Bucy �lering and reinsurance 9
Clearly, for f (x; n; c; �; j; t) to belong to the domain of the generator A, it isessential that f (x; n; c; �; j; t) is di�erentiable w.r.t. x; c; �; t for all x; n; c; �; j; t andthat ����1R0 f (�; �+ y; �) dG (y)� f (�; �; �)���� <1 and ����1R0 f (�; c+ u; �) dH (u)� f (�; c; �)���� <1.Setting f (x; n; c; �; j; t) = � n�xp�2�2�

�2 and f (x; n; c; �; j; t) = � c�m1np�2�2�
�2 in (23), then

A n� xp�2�2�
!2 = 2��2 �� and A c�m1np�2�2�

!2 = k2 2��2 ��
where m1 = 1R

0 udH (u) ; m2 = 1R
0 u2dH (u) and k2 = m2 �m21.

f (Xt)� tR
0 A f (Xs) ds is a martingale therefore A f is the solution to the `martin-

gale problem'. Hence from Proposition 3.1, nV (�)t o2 � 2�t; nL(�)t o2 � tR
0

2��2 �s� ds andnQ(�)t o2 � tR
0 k2 2��2 �s� ds are martingales.

It is trivial to check the condition of (16) as 2�t; tR
0

2��2 �s� ds and tR
0 k2 2��2 �s� ds are

continuous (they are proportional to either t or R t0 �sds). For the condition of (17), wehave to look at the jumps of the processes V (�)t , L(�)t and Q(�)t . Firstly, L(�)t satis�esthe condition rather trivially since its jumps are the jumps of Ntp�2�2� and they are of
course always of size 1p�2�2� and so converge to 0 as � ! 1: For V (�)t and Q(�)t , we
have to check the jumps of J2t�2�2� and C2t�2�2� . The jumps have �nite expectation sincewe have assumed second moments exist for our jumps. We need to prove that for asequence of non-negative i.i.d. random variables Z1; Z2; : : : with �nite mean

limn!1 E (Un)n = 0;
where Un = max (Z1; Z2; � � � ; Zn) : In fact, we can prove that Unn ! 0 in probability.Let F be the distribution function of Zi. Then for any " > 0;

Pr�Unn > "� = Pr (Un > n") = 1� (F (n"))n = 1� �1� �F (n")�n ;
but since the random variables have a �nite expectation, n �F (n")! 0, so �1� �F (n")�n !1: Now secondly, for C2t�2�2� , consider M (�) the number of jumps of the Poisson process
Mt in the interval [0; T ]. From above C2tM(�) ! 0 and since M(�)� ! T we are �ne.
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Lastly, for J2t�2�2� , consider N (�), the number of jumps of the process Nt: Clearly, from
above J2tN(�) ! 0 and also N(�)� ! �1� T .As can be seen from (11) (see also (12)) Var� tR

0 �sds
� = K (t) �. Therefore, byChebyschev's inequality, as �!1

Pr
8<:
������
tZ

0
2��2 �s� ds� 2�1�2 t

������ > "
9=; �

� 2��2�2Var� tR
0 �sds

�
�2"2 =

� 2��2�2K (t) ��2"2 ! 0 (24)
and

Pr
8<:
������k2

tZ
0

2��2 �s� ds� k2 2�1�2 t
������ > "

9=; � k22 � 2��2�2Var� tR
0 �sds

�
�2"2 = k22 � 2��2�2K (t) ��2"2 ! 0:

(25)Therefore from (24) and (25)
tZ

0
2��2 �s� ds! 2�1�2 t

and
tZ

0
k2 2��2 �s� ds! k2 2�1�2 t

in probability.Set f (x; n; c; �; j; t) = � n�xp�2�2�
�� j��1�tp�2�2�

� ; f (x; n; c; �; j; t) = � c�m1np�2�2�
�� j��1�tp�2�2�

�
and f (x; n; c; �; j; t) = � c�m1np�2�2�

�� n�xp�2�2�
� in (23): Then

A n� xp�2�2�
! j � �1�tp�2�2�

! = 0; A c�m1np�2�2�
! j � �1�tp�2�2�

! = 0 and A c�m1np�2�2�
! n� xp�2�2�

! = 0:
(26)Therefore from Proposition 1,

V (�)t = Jt � �1�tp�2�2� ) p2�B(1)t
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L(�)t = Nt � tR
0 �sdsp�2�2� )r2�1�2 B(2)t

and
Q(�)t = Ct �m1Ntp�2�2� )rk2 2�1�2 B(3)t

in law where B(1)t ; B(2)t and B(3)t are three independent standard Brownian motions.
Let us prove the main result of this section.

Theorem 2. Assuming that �!1 and that �0 is a random variable that is indepen-dent of everything else such that �0�(�1�=�)�2�=2� converges in distribution to Z0, Z(�)t ;W (�)tand U (�)t converge in law to Zt;Wt and Ut where
dZt = ��Ztdt+p2�dB(1)t (27)
dWt = Ztdt+r2�1�2 dB(2)t (28)

dUt = m1dWt +rk2 2�1�2 dB(3)t = m1Ztdt+rm2 2�1�2 dB(4)t (29)
where B(1)t ; B(2)t ; B(3)t are three independent standard Brownian motions and B(4)t =m1q 2�1�2 B(2)t +qk2 2�1�2 B(3)tq(m21+k2) 2�1�2 (also a standard Brownian motion).

Proof. Z(�)t ;W (�)t and U (�)t can be written as follows:
Z(�)t = �t � �1��p�2�2� = �0 � �1��p�2�2� e��t � �1��p�2�2�

�1� e��t�+ Jtp�2�2� � � Z t
0 e��(t�u) Jup�2�2� du

= �0 � �1��p�2�2� e��t + Jt � �1�tp�2�2� � � Z t
0 e��(t�u) Ju � �1�up�2�2� du (30)

since
� Z t

0 ue��(t�u)du = t� 1� e��t�

W (�)t = Nt � �1�� tp�2�2� = Nt � tR
0 �sdsp�2�2� + tZ

0
�s � �1��p�2�2� ds (31)
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and

U (�)t = Ct �m1 �1�� tp�2�2� = Ct �m1Ntp�2�2� +m1
 Nt � �1�� tp�2�2�

! : (32)
Therefore by continuous mapping theorem (Billingsley, 1968) and lemma 2, (30), (31)and (32) converge to
Zt = Z0e��t+p2��B(1)t � Z t

0 e��(t�s)B(1)s ds� = Z0e��t+p2� tZ
0
e��(t�s)dB(1)s (33)

Wt = tZ
0
Zsds+r2�1�2 B(2)t (34)

and
Ut = m1Wt +rk2 2�1�2 B(3)t : (35)

From (34) and (35), we have
dUt = m1dWt +rk2 2�1�2 B(3)t = m1Ztdt+m1

r2�1�2 dB(2)t +rk2 2�1�2 dB(3)t (36)
Since the sum of two independent standard Brownian motions is also a standardBrownian motion this completes the proof of the theorem.

Theorem 2 implies that Zt;Wt and Ut are normally distributed. Therefore we cande�ne ~�t; ~Nt and ~Ct as Gaussian approximations of �t; Nt and Ct;
~�t = �1�� + Ztr�2�2� i.e. Zt = ~�t � �1��p�2�2� (37)
~Nt = �1�� +Wtr�2�2� i.e. Wt = ~N1 � �1�� tp�2�2� (38)

and ~Ct = m1�1�� + Utr�2�2� i.e. Ut = ~Ct �m1 �1�� tp�2�2� : (39)

4. The Kalman-Bucy �lter and the distribution of Zt

Let us derive the conditional distribution of Zt, given fWs; 0 � s � tg by the Kalman-Bucy �lter where
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dZt = ��Ztdt+p2�dB(1)t (40)
and

dWt = Ztdt+r2�1�2 dB(2)t : (41)
To do so, we begin with a proposition used by �ksendal (1992) (see theorem 6.10 inchapter IV).
Proposition 2. The solution Ẑt = E (ZtjWs; 0 � s � t) of the 1-dimensional linear�ltering problem

dZt = F (t)Ztdt+ C (t) dB(1)t ; F (t) ; C (t) �< (42)
dWt = G (t)Ztdt+D (t) dB(2)t ; G (t) ; D (t) �< (43)

satis�es the stochastic di�erential equation
dẐt = �F (t)� G2 (t)S (t)D2 (t)

� Ẑtdt+ G (t)S (t)D2 (t) dWt; Ẑ0 = E (Z0) (44)
where S (t) = E

��Zt � Ẑt�2� satis�es the Riccati equation
dSdt = 2F (t)S (t)� G2 (t)D2 (t)S2 (t) + C2 (t) ; S (0) = E hfZ0 � E (Z0)g2i = Var (Z0) :(45)

Theorem 3. Let (Zt;Wt) be a two-dimensional normal process satisfying the sys-tem of equations of (40) and (41). Then the estimate of Zt based on the observedfWs; 0 � s � tg is
Ẑt = E (Zt jWs; 0 � s � t) = expf tZ

0
	(s)dsgẐ0 + �22�1

tZ
0
expf tZ

s 	(u)dugS(s)dWs
(46)where

S(s) = � (1 + �)� � 1 � 2� �1�2 (47)
and 	(s) = � � (1 + �)2�1�2 (� � 1) (48)
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where

� =r2�1�2
s��2��1�2 + 2�; � = a2 + 2��1�2 +q 2�1�2

r� � 2��1�2 + 2�
a2 + 2��1�2 �q 2�1�2

r� � 2��1�2 + 2� exp
0BB@
q 2�1�2

r� � 2��1�2 + 2��1�2 s
1CCA

and S (0) = a2:
Proof. Let S (0) = a2. Then from (45) the Riccati equation has the solution

S(t) = � (1 + ')'� 1 � 2� �1�2 (49)
where � =q 2�1�2

r� � 2��1�2 + 2� and ' = a2+ 2��1�2 +q 2�1�2
r�� 2��1�2 +2�a2+ 2��1�2 �

q 2�1�2
r�� 2��1�2 +2� exp

0@q 2�1�2
r�� 2��1�2 +2��1�2 t

1A :
Therefore, from (44), (49) o�ers the solution for Ẑt of the form
Ẑt = E (Zt jWs; 0 � s � t) = expf tZ

0
	(s)dsgẐ0 + �22�1

tZ
0
expf tZ

s 	(u)dugS(s)dWs
where 	(s) = � � (1 + �)2�1�2 (� � 1)
where � = a2+ 2��1�2 +q 2�1�2

r�� 2��1�2 +2�a2+ 2��1�2 �
q 2�1�2

r�� 2��1�2 +2� exp
0@q 2�1�2

r�� 2��1�2 +2��1�2 s
1A.

Now we can easily obtain the conditional distribution of Zt, given fWs; 0 � s � tgas we have obtained E (Zt jWs; 0 � s � t) = Ẑt.
Corollary 3. Let Zt; Wt; Ẑt and S (t) be as de�ned. Then the conditional distributionof Zt, given fWs; 0 � s � tg is given by

E �e�Zt jWs; 0 � s � t� = exp��Ẑt + 122S (t)
� : (50)

Proof. From theorem 3 and the fact that Var (Zt jWs; 0 � s � t) = S (t) and Zt isnormally distributed, the result follows immediately.
It will be interesting to examine `the �ltering problem' for the Cox process withshot noise intensity when the rate of primary event arrival, �, is small. It shouldbe necessary for us to remove the linearity and derive a non-linear �lter to obtainpremiums for primary events with low frequency, using numerical framework.
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5. Pricing of a reinsurance contract using the Kalman-Bucy �lter

We have transformed and approximated �t and Nt as normal variables Zt and Wtfrom which we have obtained the conditional distribution of Zt, given fWs; 0 � s � tg.Now let us derive the pricing model for stop-loss reinsurance contract using normalvariables Zt and Wt. As mentioned earlier, as we have assumed that � ! 1, thisapproach can be used for the pricing of common events with high frequency such ascar accidents or accidents from a large collective insurance portfolio.Let @i; i = 1; 2; � � � ; be the claim amounts, which are assumed to be independent andidentically distributed with distribution function. The actuarial stop-loss reinsurancepremium at time t is
E
24 NT�NtX

i=1 @i � b!+ j Ns; 0 � s � t
35 (51)

where b is a suitably large retention limit. In particular we set
b =r�2�2� � +m1�1�� (T � t) : (52)

Let CT � Ct be the total amount of claims between time T and t. Then from (51),the stop-loss reinsurance premium at time t becomes
E �f(CT � Ct)� bg+jNs; 0 � s � t� : (53)

Since we have obtained ~Ct and ~Nt which are Gaussian approximations of Ct and Nt, wewill use these approximations (see (38) and (39)). Therefore set ~Ct = m1 �1�� t+Utp�2�2�in (53) then
E
�n� ~CT � ~Ct�� bo+ j ~Ns; 0 � s � t� =r�2�2� E hfUT � Ut � �g+ jWs; 0 � s � ti(54)Let us derive the expectation and variance of UT �Ut as they need to be determinedto obtain stop-loss reinsurance premium based on (54).

Lemma 3. The expectation of UT � Ut is given by
E (UT � Ut jWs; 0 � s � t) = m1 1� e��(T�t)� Ẑt (55)
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and the variance of UT � Ut is given by

Var (UT � Ut jWs; 0 � s � t) =
�m1� �2

�n1� e��(T�t)o2 S (t)� e�2�(T�t) + 4e��(T�t) � 3�+2�m21� + m2�1�2
� (T � t) :(56)

Proof. From (29)
UT � Ut = m1

TZ
t Zsds+rm2 2�1�2

TZ
t dB(4)s (57)

Set (33) in (57) then
UT�Ut = m1 1� e��(T�t)� Zt+m1p2� TZ

t
1� e��(T�u)� dB(1)u +rm2 2�1�2

TZ
t dB(4)s (58)

Take expectation in (58) then (55) follows immediately. Also from
Var (Zt jWs; 0 � s � t) = S (t) ; (59)

(56) follows.
We can now easily �nd the stop-loss reinsurance premium at time t based on theobservations fWs; 0 � s � tg.

Theorem 4. The stop-loss reinsurance premium at time t based on the observationsfWs; 0 � s � tg is given by
E
�n� ~CT � ~Ct�� bo+ jWs; 0 � s � t� =r�2��4�� e� 12L2 +r�2�2� (
� �) � (�L)(60)where


 = E (UT � Ut jWs; 0 � s � t) = m1 1� e��(T�t)� Ẑt; (61)
� = Var (UT � Ut jWs; 0 � s � t) = (62)
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�m1� �2

�n1� e��(T�t)o2 S (t)� e�2�(T�t) + 4e��(T�t) � 3�+2�m21� + m2�1�2
� (T � t) ;(63)L = ��
p� and � (�) is the cumulative normal distribution function.

Proof. From (54), we have
E h(UT � Ut � �)+ jWs; 0 � s � ti = Z 1� (� � �) 1p2��e� 12 (��
)2� d� (64)

where 
 = E (UT � Ut jWs; 0 � s � t) = m1 1� e��(T�t)� Ẑt;
� = Var (UT � Ut jWs; 0 � s � t) =�m1� �2

�n1� e��(T�t)o2 S (t)� e�2�(T�t) + 4e��(T�t) � 3�+2�m21� + m2�1�2
� (T � t) :

Set y = ��
p� in (64) and put L = ��
p� then multiply both sides by p�2�2� and (60)follows.
The following example illustrates the calculation of premiums for stop-loss reinsur-ance contract for high frequency events using the pricing model derived.Example The numerical values used to simulate the claim arrival process are � =0:5; �0 = 200. We will assume that � = 100; i.e. the interarrival time between jumpsis exponential with mean 0:01 and that the jump size follows exponential with mean 1,i.e. y ~ Exponential (1) : S-Plus was used to generate random values and to simulatethe claim arrival process. The numerical values used to calculate (46) and (60) are
Ẑ0 = 0; S (0) = 0; � = 0:1; �1 = 1; �2 = 2; m1 = 1; m2 = 3; t = 1; T = 2;
b = 0; 180; 190; 200; 210; 220

where from (10) and the compound Poisson, we have
E = (CT � Ct) = E (NT �Nt)E (@) = �1�� m1 = 200:

By computing (46) and (60) usingMAPLE and S-Plus, where Ẑ1 = 0:5579152, the cal-culation of stop-loss reinsurance premiums for high frequency events at each retentionlevel b, with/without a relative security loading factor �, are shown in Table 5.1.
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Table 5.1

Retention level b Net reinsurance premium(� = 0) Risk reinsurance premium(� = 0:1)0 206:21 226:83180 26:58 29:24190 18:06 19:87200 11:00 12:10210 5:77 6:35220 2:41 2:66
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