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Abstract

The purpose of this paper is to provide preliminary
discussion about a project aimed to investigate the
presence of “dependencies” in individual claims in a
portfolio of insurance policies. In traditional risk the-
ory, the individual claims in a portfolio of insurance
have been assumed to be mutually independent. This
means that for combination of claims, the probabil-
ities of claim occurrence and the claim sizes do not
directly impact each other. The traditional approach
is to assume claims are independent because this is
more mathematically tractable, that is, it becomes
straightforward to compute for surplus requirements
or probabilities of ruin. However, this may be unre-
alistic because intuitively, claims can exhibit “depen-
dence” and they may be subject to the same physical
or economic environment that might be driving the
dependency. Using actual policy and claims data for
a period of 9 years, this project aims to empirically
investigate and validate the presence of dependencies
in a portfolio of insurance policies. There is a grow-
ing number of papers on the literature addressing the
issue of dependencies on claims, but no paper has
provided empirical evidence to completely reject or
accept the traditional framework of independence.
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1 Introduction

Consider a portfolio of � insurance risks �1, �2,...,
��. The aggregate claims is defined to be the sum of
these risks:

� = �1 +�2 + · · ·+�� =
�X

�=1

���

where generally the risks are non-negative random
variables, i.e. �� ≥ 0. The distribution of this sum
is of considerable importance to the insurer because
for example, it is needed as an input in premium and
reserve determination for one. In classical risk the-
ory, the risks are typically assumed to be indepen-
dent and computation of the aggregate claims become
more tractable. For certain types of individual claim
distribution, one can even determine the exact dis-
tribution for this aggregate claims. Approximations
using the central limit theorem can also be justified
for a large number of insurance risks. See Bowers,
et al. (1998), Buhlmann (1970), and Klugman,
et al. (1998).
The primary purpose of this research project is to

estimate the presence of dependence in claims in a
portfolio of insurance risks. Using the methods of
copulas, we can easily express the joint distribution
of claims and thereby allowing us to construct the
appropriate likelihood for estimation purposes. The
copula will contain a parameter of dependence which
will then provide a measure of the level of the pres-
ence of dependence in the insurance portfolio. This
measure can easily be re-expressed in terms of more
familiar measures of dependence such as Spearman’s
correlation which will allow us to have a better under-
standing of the magnitude of the dependence. Section
3 of this paper provides a quick review about copulas.
The results of this project can have far-reaching im-

plications to the practicing actuary who may be con-
cerned about the financial consequences of assuming
independent claims when in fact there may be forces
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driving dependencies. The actuary can be provided
with better information to make more informed de-
cisions. Not only will this project provide possible
empirical evidence of dependencies, it will also offer
an innovative procedure for examining the presence
of such dependencies.

2 Ruin Probabilities with De-
pendent Claims - Some Re-
sult

In classical risk theory, the surplus process is a very
important model for understanding how capital or
surplus of an insurance company evolves over time.
It is defined to be

�� = �0 + �� − ��

where �� represents the company surplus at time �,
�0 is the initial company surplus, �� is the amount
of premium collected up until time � and �� is the
accumulated amount of claims paid up until time �.
The claims process {��} is usually modelled as the
sum of individual risks as

�� = �1 +�2 + · · ·+��(�),

where the�’s are individual claim amounts and	 (�)
is the number of claims up until time �. One impor-
tant quantity considered in risk theory is the proba-
bility of ruin defined as


 (�) = Prob (�� � 0, for some time � � 0 |�0 = �)

which represents the probability that the surplus will
ever reach below zero given a level of initial surplus
�. For mathematical simplicity, the individual risks
��’s are typically assumed to be independent random
variables, although there may be several situations for
which this is no longer true. For example, the pol-
icyholders in an insurance portfolio may share com-
mon characteristics, or may be subject to the same
physical or economic environment, for which they no
longer are considered independent risks. Consider the
case of insuring contiguous risks for fire or earthquake
protection. It is very possible that claims occur in
multiplicity when they do occur.
Valdez and Mo (2002) investigate the impact of

dependence on ruin probabilities. By employing sim-
ulation procedures and imposing a copula function
on the dependence structure, they found larger ruin
probabilities for portfolios assuming the presence of
dependence and that the Lundberg upper bound is
violated. See Figure 1. By additionally examining

for evidence of dependence in a portfolio of insurance
risks, we can further extend this work. Another in-
teresting work on estimating ruin probabilities with
dependent claims is that of Albrecher and Kan-
tor (2002).

3 Modelling Dependence with
Copulas

3.1 Definition

Suppose that an �-dimensional random vector X =
(�1� � ��) has the cumulative distribution function

� (�1� � ��) = Prob (�1 ≤ �1� � �� ≤ ��) 

We can decompose this c.d.f. � into the univariate
marginals of �� for � = 1� 2� � � and another dis-
tribution function called a copula. Before formally
defining a copula function, let us examine the prop-
erties of a multivariate distribution function. Follow-
ing Joe (1997), a function � with support R� and
range [0� 1] is a multivariate cumulative distribution
function if it satisfies the following:

1. it is right-continuous;

2. lim
��→−∞

� (�1� � ��) = 0, for � = 1� 2� � �;

3. lim
��→∞, ∀�

� (�1� � ��) = 1; and

4. the following rectangle inequality holds: for all
(�1� � ��) and (�1� � ��) with �� ≤ �� for � =
1� 2� � � ,we have

2X
�1=1

· · ·
2X

��=1

(−1)�1+···+�� � (�1�1 � � ����) ≥ 0�

where ��1 = �� and ��2 = ��.

Suppose u = (�1� � ��) belong to the �-cube
[0� 1]

�. A copula, � (u), is a function, with support
[0� 1]� and range [0� 1] � that is a multivariate cumula-
tive distribution function whose univariate marginals
are � (0� 1). As a consequence of this definition, we
see that

� (�1� � ��−1� 0� ��+1� � ��) = 0

and
� (1� � 1� ��� 1� � 1) = ��

for all � = 1� 2� � � Any copula function � is there-
fore the distribution of a multivariate uniform random
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vector. From the definition of a multivariate distrib-
ution function, the rectangle inequality leads us to

Prob (�1 ≤ �1 ≤ �1� � �� ≤ �� ≤ ��)

=
2X

�1=1

· · ·
2X

��=1

(−1)�1+···+�� � (�1�1 � � ����) ≥ 0�

for all �� ∈ [0� 1], (�1� �2� � ��) and (�1� �2� � ��)
with �� ≤ �� for � = 1� 2� � �� and ��1 = �� and
��2 = ��

The significance of copulas in examining the depen-
dence structure of �1��2� ��� comes from a result
which first appeared in Sklar (1959). Known as
Sklar’s theorem, it relates the marginal distribution
functions to copulas. Suppose X is a random vec-
tor with joint distribution function � . According to
Sklar (1959), there exists a copula function � such
that

� (�1� � ��) = � (�1 (�1) � � �� (��))

where �� is the �th univariate marginal, for � =
1� 2� � �. The function � need not be unique, but
it is unique if the univariate marginals are absolutely
continuous. For absolutely continuous univariate
marginals, the unique copula function is clearly

� (�1� � ��) = �
¡
�−11 (�1) � � �

−1
� (��)

¢
where �−11 � � �−1� denote the quantile functions of
the univariate marginals �1� � ��. It is appar-
ent that the copula is a function which “couples,”,
“links,” or “connects” the joint distribution to its
marginals.
In the purely discrete case, denote the �th univari-

ate distribution function by �� (��) = Prob(�� ≤ ��)
together with its probability mass function

�� (��) = Prob (�� = ��)

= Prob (�� ≤ ��)− Prob
¡
�� ≤ �−�

¢
= �� (��)− ��

¡
�−�
¢
�

where �� belongs to its set of support, say ��. A
copula function � then that is associated with the
joint distribution of �1� � �� will satisfy

� (�1� � ��) = � (�1 (�1) � � �� (��))

for all �� ∈ ��, where � (·� � ·) denotes the cumula-
tive distribution of the discrete random vector. Here
the copula � although it exists, need not be unique.
An example of a copula is the independence copula

which is given by

� (�1� � ��) = �1 · · · ��

and is the copula associated with the joint distribu-
tion of independent random variables �1��2� ���.
This copula is often denoted simply by Π (�1� � ��).
Another very important copula is the normal copula.
Denote the density and cumulative distribution func-
tions of a univariate standard normal by � (·) and
Φ (·), respectively, so that

Φ (�) =

Z �

−∞
� (�) ��, where � (�) =

1√
2�

�−�
2	2

Consider an �-variate normal random vector Z =
(�1� � ��) with standard normal marginals, i.e.
�� ∼ 	 (0� 1) for � = 1� 2� � � and positive-definite,
symmetric variance-covariance matrix V = (��
).
Clearly, the elements of V satisfy

��
 =

½
1, if � = �

corr (��� �
) � if � 6= �


The joint density of Z can be expressed as

 (�1� � ��) =
1p

(2�)� |V| exp
µ
−1
2
z�Vz

¶
�

with z = (�1� � ��). Now denote the joint distribu-
tion function by

! (�1� � ��) =

Z ��

−∞
· · ·
Z �1

−∞
 (�1� � ��) ��1 · · · ���

The copula defined by

� (�1� � ��) = !
¡
Φ−1 (�1) � �Φ−1 (��)

¢
is called the normal copula and is easily seen to define
a multivariate uniform cumulative distribution func-
tion. Although the normal copula does not appear to
be simple in form, it generally leads to simple simula-
tion procedures. For those interested, we refer them
to the paper byWang (1998).

3.2 Copula Construction

The use of Laplace transforms can lead us to con-
struct special types of copulas. Suppose ! is the cu-
mulative distribution function of a positive random
variable �, that is, ! (�) =Prob(� ≤ �). We shall
denote the Laplace transform of � by � and it is
defined by

� (�) = "
¡
�−��

¢
=

Z ∞
0

exp (−��) �! (�) � for � ≥ 0

It is clearly true that

#� (−�) = "
¡
�−��

¢
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Table 1: Some Examples of Laplace Transforms

Family of Distributions Laplace Transform � (�) Parameter Constraint
Gamma (1 + �)

−1	
$ ≥ 1

Positive Stable exp
¡−�1	¢ $ ≥ 0

Logarithmic Series −1
$
log
£
1− ¡1− �−

¢
�−�
¤

$ � 0

Power Series 1− (1− �−�)1	 $ ≥ 1

where # denotes the moment generating function of
�. The Laplace transform � is a continuous function
of � and is strictly decreasing since

�
0
(�) =

Z ∞
0

−� exp (−��) �! (�) ≤ 0

Also, � (0) = 1. We shall denote by �−1 to be the
inverse function of �. It can be verified that �−1 is
also a strictly decreasing function with

�−1 (0) =∞ and �−1 (1) = 0

See Feller (1971) for verification of these proper-
ties and to learn of other properties of the Laplace
transform. Table 1 gives examples of random vari-
ables with their Laplace transforms.

Now, consider an arbitrary distribution function �

of a positive random variable�. It is well-known that
we can construct another % from the Laplace trans-
form of � as follows. There is a unique distribution
function % for which

� (�) =

Z ∞
0

%� (�) �! (�) = � (− log% (�))

so that
% (�) = exp

£−�−1 (� (�))¤ 
To extend this to the bivariate case, let

%� (��) = exp
£−�−1 (�� (��))

¤
for � = 1� 2

Then the joint distribution function becomesZ ∞
0

[%1 (�)%2 (�)]
�
�! (�)

= � [− log (%1 (�)%2 (�))]

= � [− log%1 (�)− log%2 (�)]
= �

£
�−1 (�1 (�1)) + �−1 (�2 (�2))

¤

so that the copula function can be defined as

� (�1� �2) = �
£
�−1 (�1) + �−1 (�2)

¤


We can extend this procedure to higher than
two dimensions by first defining %� (��) =
exp

£−�−1 (�� (��))
¤
for � = 1� 2� � � and then the

following is a joint distribution functionZ ∞
0

[%1 (�) · · ·%� (�)]
�
�! (�)

= �
£
�−1 (�1 (�1)) + · · ·+ �−1 (�� (��))

¤


Any copula satisfying this form belongs to the class of
Archimedean copulas. More formally, we say that a
copula function � is Archimedean if it can be written
in the form

� (�1� � ��) = 
−1 [
 (�1) + · · ·+ 
 (��)]

for all 0 ≤ �1� � �� ≤ 1 and for some function 


(often called the generator) satisfying:

(i) 
 (1) = 0; and

(ii) 
 is decreasing and convex, i.e. for all � ∈ (0� 1),


0
(�) � 0 and 


00
(�) ≥ 0.

This class of copulas has been extensively studied
by Genest and Mackay (1986) and Genest and
Rivest (1993). As demonstrated in these articles,
these types of copulas possess several desirable prop-
erties that make them attractive for statistical infer-
ence and simulation. They are also useful for extend-
ing copulas to higher dimensions. The independent
copula belongs to this class with generator


 (�) = −� · log (�)
for some arbitrary positive constant �. Although the
Frechet lower bound is not a copula for dimensions
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� � 2, its bivariate form is Archimedean with gener-
ator


 (�) = 1− �.

However, the Frechet upper bound can be proven by
contradiction that it does not belong to the class of
Archimedean copulas. To do this, suppose there ex-
ists a generator �, then it must be that

# (�1� � ��) = 
−1 [
 (�1) + · · ·+ 
 (��)]

so that


 (#) = 
 (�1) + · · ·+ 
 (��) 

Now, take the case where

�1 = · · · = �� = ��

then we have

 (�) = � · 
 (�)

which is impossible since the only solution to this is
the case where 
 (�) = 0 for all �. Other generators
and their corresponding copulas are given in Table 2
below.
For the case of the two dimensions (� = 2),

Nelsen (1999) demonstrated that given a func-
tion 
 that is continuous, strictly decreasing with

 (1) = 0 and a function � that satisfies � (�1� �2) =

−1 [
 (�1) + 
 (�2)], then � is a copula if and only
if 
 is convex. That proof can be easily extended to
multiple dimensions. Thus, we see that Archimedean
copulas do in fact satisfy the definitions of a copula
provided the generator is at least a convex function.
It is easy to verify that the generators in our illustra-
tive examples in Table 2 are convex functions.
Another procedure used to construct families of

copulas is to use the concept of frailty models that
have been extensively used in survival analysis. Al-
though the usual development is based on the survival
function, we illustrate this method using the distri-
bution function. Denote the (frailty) random vari-
able by � and assume that � is non-negative with
density & (�), distribution � (�), and moment gener-
ating function #� (�) = "� [exp (��)] Now, consider
the random vector X = (�1� � ��) and assume that
these � random variables �1� � �� are independent
given the frailty �. Thus, we have

Prob (�1 ≤ �1� � �� ≤ �� |� = � )

=
�Q

�=1

Prob (�1 ≤ �1 |� = � )

=
�Q

�=1

��|� (�� |� = � )

and the joint distribution function can be derived us-
ing

� (�1� � ��)

=

∞Z
0

Prob (�1 ≤ �1� � �� ≤ �� |� = � ) & (�) ��

=

∞Z
0

∙
�Q

�=1

��|� (�� |� = � )

¸
& (�) ��

Let us consider the special case where we assume that

��|� (�� |� = � ) = [�� (��)]
� , for all � = 1� � �

where ��|� and �� denote the marginal distribution
functions given the frailty and no frailty, respectively.
It follows that we can express the joint distribution
function as

� (�1� � ��)

=

∞Z
0

∙
�Q

�=1

��|� (�� |� = � )

¸
& (�) ��

=

∞Z
0

∙
�Q

�=1

�� (��)

¸�
& (�) ��

= "�

(∙
�Q

�=1

�� (��)

¸�)

= "�

½
exp

∙
�

�P
�=1

log (�� (��))

¸¾
= #�

∙
�P

�=1

log (�� (��))

¸


Note that we can also express the marginals in terms
of the inverses of the moment generating function of
the frailty variable as

�� (��) = exp
£
#−1� (�� (��))

¤


Therefore the copula associated with the random vec-
tor is given by

� (�1� � ��) =#�

∙
�P

�=1

#−1� (��)

¸


This is exactly the form of an Archimedean copula.
To illustrate, suppose the frailty random variable �

has a positive stable distributions with m.g.f. given
by

#� (�) = exp
h
− (−�)1	

i


which leads us to the Gumbel-Hougaard family of
copulas

� (�1� � ��) = exp

(
−
∙

�P
�=1

(− log��)


¸−1	)
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Table 2: Some Examples of One-Parameter Archimedean Copulas

Family Generator 
 (�) Copula Form � (�1� � ��)
Independence − log (�) �1 · · · ��

Cook-Johnson
�− − 1,
$ � 1

µ
�P

�=1

�−� − �+ 1

¶−1	
Gumbel-Hougaard (− log �),

$ ≥ 1 exp

(
−
∙

�P
�=1

(− log ��)
¸−1	)

Frank log

µ
$� − 1
$ − 1

¶
,

$ ≥ 0
1

log $
log

⎡⎢⎢⎣1 +
�Q

�=1

($�� − 1)

($ − 1)�−1

⎤⎥⎥⎦
Joe

− log
h
1− (1− �)

i
,

$ ≥ 1
1−

½
1−

�Q
�=1

h
1− (1− ��)


i¾1	

Gumbel-Barnett
log [1− $ (1− �)],
0 � $ ≤ 1 exp

½
−1
$

∙
1−

�Q
�=1

(1− $ log��)

¸¾

See Table 2. One of the advantage of the frailty
framework is it allows us to interpret the dependen-
cies of the random variables. For example, in an in-
surance portfolio, it is possible that an external vari-
able, the frailty, may exist that contributes to the
dependencies. Given then this external factor, the
insurance risks would otherwise be unrelated or inde-
pendent. Examples of possible external factor is the
case where we have a portfolio of homeowner’s insur-
ance who may be living in the same neighborhood.
The frailty random variable models the risks that
could possibly exist among the homeowners within
the neighborhood.

4 Data and Estimation

The most important piece of the project is empiri-
cally estimating for the presence of dependence in a
portfolio of insurance claims. An insurance organi-
zation has provided us the required data on motor
vehicle insurance to pursue this investigation. The
types of information requested from the organization
included dates of claims, gender, years of driving ex-
perience, among other things. Essentially, we have
obtained the raw data which included policy expo-
sures and claims experience for an observation period
of nine (9) years beginning in 1993 and ending in
2001. The data comes from a portfolio of motor vehi-
cle insurance policies. Figures 2 and 3 below provides
graphical display of the monthly number and amount
of claims during the observed period. These figures
are very preliminary at the moment. We are currently

in the process of cleaning up the data files, extract-
ing information from the files, merging data files, and
converting them into SAS-readable formats.
In this section, we briefly describe the procedure

that may possibly be employed to estimate the model
parameters. Here we discuss a general procedure
for estimating parameters when a set of independent
multivariate observations X� = (�1�� � ���), � =
1� � ' are given with their corresponding marginal
distribution functions �� (·;θ�) and density functions
 � (·;θ�), for � = 1� � �. Here θ� denotes a vector
of parameters. Consider a copula-based parametric
model for the vector X so that its joint distribution
function is expressed as

� (�1� � ��;θ�() = � (�1 (�1;θ1) � � �� (��;θ�) ;()

with ( denoting the dependence parameter. Assume
the mixed partial derivatives of � exists and denote
it by

) (�1� � ��) =
*�� (�1� � ��)

*�1 · · · *��


It can be easily verified that the joint density is given
by

 (�1� � ��;θ�()

= ) (�1 (�1;θ1) � � �� (��;θ�) ;()
�Y

�=1

 � (��;θ�) 

For a sample size of ' , the log-likelihood function can
be expressed as

+ (θ1� �θ�� () =
�X

�=1

log  (�1�� � ���;θ�()
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which can be a complicated function of the parame-
ters. Instead of using the full maximum likelihood, an
alternative is to use the so-called Method for Infer-
ence Functions for Margins (IFM). See Joe (1997).
This method consists of first maximizing the � uni-
variate likelihoods by solving for the set of equations

*+�

*θ�
= 0

and then using the solutions to these equationsbθ1� � bθ� to maximize the full likelihood by solving
then

*+
³bθ1� � bθ�� (´

*(
= 0

to get the m.l.e. of (. This method is believed to be
less computationally intense.
Under certain regularity conditions (the research

project will confirm these conditions), the estimated
vector of parameters, say

bξ = ³bθ1� � bθ�� b(´ �
it can be shown that

√
'
³
ξ−bξ´

is asymptotically normal with mean 0 and covariance
matrix ,−1 (ξ) defined to be the inverse matrix of

, (ξ) = "

∙
− 1
'

*2+ (ξ)

*ξ2

¸
= "

"
1

'

µ
*+ (ξ)

*ξ

¶µ
*+ (ξ)

*ξ

¶�
#


We will use SAS to code the maximum likelihood pro-
cedure and in particular, use the Interactive Matrix
Language (IML) procedure in SAS with optimization
routines. These routines normally give estimates of
the second derivatives of the likelihood function so
that an estimated asymptotic covariance ,−1

³bξ´ is a
standard output. Using these asymptotic results, we
can then construct confidence intervals for our para-
meters and develop hypothesis tests. In particular,
we will be interested in constructing test for the pres-
ence of dependence and this will largely depend on
the choice of the parametric copula.
One of the issues to resolve in the research project

is the choice of the copula. Joe (1997) and Nelsen
(1999) lists several families of parametric copulas,
and we described some of the more common ones
in this proposal. Choosing the right copula is go-
ing to be a challenging aspect of the project because

even in the theory of statistics, this area is not well-
developed. Durrleman, et al. (2000) chooses
a copula based on the construction of the empirical
copula, but constructing this in the multivariate case
is not straightforward. Our suggested strategy is to
fit several families of copulas and choose among these
families the best fitting model. An approach similar
to a likelihood ratio arguments may then be applied.
We may be able to simplify further the likelihood

estimation procedure if instead of directly specify-
ing the copula, we construct the distribution function
based on the concept of frailty. The frailty random
variable is unobservable, however, given its presence,
it gives independence. The distribution of the frailty
random variable will contain a parameter (or a vec-
tor of parameters) that will describe the presence of
dependence. We will explore this as an alternative
to the choice of copula. Note that some of the famil-
iar parametric copulas can be constructed using the
concept of frailty, so the idea of a frailty is somewhat
similar to copula specification.

5 Concluding Remarks

This paper lays out the theoretical foundations nec-
essary to develop the solution to the problems with
which we wish to address in the research project. In
summary, our project aims to address the following
fundamental issues: (1) Is there empirical evidence
to support the presence of dependencies of claims
in an insurance portfolio?; and (2) If there is such
presence, what are its implications in computing in-
surance premiums, portfolio capital/surplus require-
ments, and/or ruin probabilities?
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Figure 1: Dependence vs Ruin Probabilities
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